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Abstract 
Space exploration and exploitation require enhancing of the human and robotic infrastructure on 
orbit and beyond. To this end, tasks like satellite servicing, space debris removal and construction 
of large assemblies on Earth’s or other planetary orbits will be of critical importance in the near 
future. Thus, many space agencies such as NASA, ESA and JAXA have already incorporated OOS 
activities in their roadmaps. Tο achieve these goals, prior extensive analysis of any OOS mission is 
required. An important part of such missions is reaching and capturing/ docking a Target (satellite 
or debris). Capturing and docking to the Target by a space robotic system (Chaser), consisting of a 
non-fixed satellite base and of one or more manipulators mounted on it, is an especially demanding 
task, due to the dynamic coupling between them. Additionally, these procedures are inevitably 
associated with impact forces as these bodies come into contact. The challenges are higher when 
the robotic system and the Target have comparable masses. In the case of passive docking, known 
as impact docking, these impact forces are also part of the procedure. Unsuccessful impacts may 
separate the servicer from the target, or damage critical subsystems, therefore the study of the 
behaviour of the participating systems under impact is vital. For all the above reasons, some of the 
aspects which need thorough examination during impacts in free-fall environment include: (a) 
adequate modelling of the procedure, (b) effects of mass and compliance parameters, (c) design 
and control of an effective approach of the Chaser to the Target. 
In this work, an analysis of the modelling of impacts of two bodies in space is presented. 
Limitations of current viscoelastic models are described, and a novel viscoplastic model is 
developed which shows very good correlation with experimental results found in the literature. 
Interestingly the generalization of this model to impacts that occur in terrestrial applications shows 
that this model has high potential in everyday robotic applications. Simulations and examples are 
presented which support this statement. Next, the usual approaches during modeling of impact 
docking is presented and examined. These approaches lack on accounting the effects of inertia and 
stiffness of the systems of masses that come into contact. A more generalized approach in 
modeling this free-floating impact by using computationally fast methods stemming from rigid-
body theory is shown. The effect of the mass ratio of the systems under impact is quantified. 
Insights to on-going research on the stiffness effects are also presented. Finally a method is 
proposed in order to reduce reaction forces during impacts. The exerted reactions can be 
minimized using the Center of Percussion (CoP) concept. After the two- and three-dimensional 
cases are presented, the performance of a robot under impact is assessed exploiting the CoP. The 
effects of parametric sensitivity on the joint reactions at a manipulator are examined. Α control 
method to compensate the reaction forces is proposed. Implementation guidelines are discussed 
and simulations of a planar space robot and a 3-D robot validate the analysis.  
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c ,Ic  
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k,kg ,kimp ,ki ,kc ,kt  Stiffness coefficient (generic symbol, interpenetration, impact, chaser, 
target) 
Kd ,K p  Gain matrices (derivative control, proportional control) 
M , ′M ,m,mi  Mass (various representations) 
M  Mass/Inertia matrix 
Ni  Reaction force at axis i 
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 n   Control torque 
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p  Impulse (generic symbol) 
pc  Normal impulse of compression 
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 q  Vector of joint variables 
r×  Cross product matrix (in this example of r ) 
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a R  rotation matrix from CS{b} to CS{a} 
r  Deviation of IP from CoP 
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Ri  Radius of body i 
t,tc ,ti  Time (generic symbol, maximum compression, impact duration) 
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a(i) , β(i)  Parameters for calculation of permanent deformation 
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ε  Duration of impact 
ζ  Damping factor 
 θ, !θ,!!θ  Angle, angular velocity, angular acceleration 
λ,λr ,i ,λc,i  
 
 
λ,λc ,λt  
- Coefficient of permanent deformation (generic symbol, during 
restitution at impact instance i , during compression at impact instance 
i ) 
- Ratio of masses (generic symbol, of chaser, of target) 
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µ,µimp  Effective mass (generic symbol, impact) 
ν  Poisson’s Ratio 
 τ d   
Damped periodic time 
τ  Vector of actuator forces and torques 
υ,υ0,υ f  Relative velocity (generic symbol, initial, final) 
φ  Impact angle 
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 ω d   
Damped natural frequency 
Ωi  Impulse of force/reaction i 
 !Ω  Non-dimensional value (in this example of Ω ) 
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Abbreviations 
1,2,3-D One-, Two-, Three-Dimensional 
ADR Active Debris Removal 
ATV Autonomous Transfer Vehicle 
CAD Computer Aided Design 
CISAS G. Colombo" Center of Studies and Activities for Space 
CoM Center of Mass 
CoP Center of Percussion (or Percussion Point) 
CPU Central Processing Unit 
CR Center of Rotation 
CS Coordinate System 
CSA Canadian Space Agency 
CSL Control Systems Laboratory 
DARPA Defense Advanced Research Projects Agency 
DART Demonstration for Autonomous Rendezvous Technology 
DC Direct Current 
DEOS Deutsche Orbital Servicing Mission 
DLR Deutsches Luft- und Raumfarht Zentrum (German Aerospace Center) 
DOF Degrees of Freedom 
EFFORTS Experimental Free-FlOating RoboT Satellite simulator  
EPOS European Proximity Operations Simulator  
ERA European Robotic Arm 
ESA European Space Agency 
ETS Experimental Test Satellite 
EVA Extravehicular Activities 
FEM Finite Element Method 
FFR Free-Flying Space Robotics 
FREND Front-end Robotics Enabling Near-term Demonstration 
FSRL Field and Space Robotics Laboratory  
GEO Geostationary Earth Orbit 
GJM Generalized Jacobian Matrix 
HC Hunt-Crossley 
HD Harmonic Drive 
HIP Hardware-In-the-Loop 
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HST Hubble Space Telescope 
IC2 Impact Compensation using CoP  
IP Impact Point 
ISS International Space Station 
JAXA Japan Aerospace Exploration Agency 
JEMRMS Japanese Experiment Module Remote Manipulator System 
KV Kelvin-Voigt 
LED Light Emitting Diode 
LEO Low Earth Orbit 
MBD Model Based Design 
MDA MacDonald, Dettwiler and Associates  
MEO Medium Earth Orbit 
MEV Mission Extension Vehicle 
MIT Massachusetts Institute of Technology 
MSS Mobile Servicing System 
MUBLCOM MUltiple paths Beyond-Line-of-sight COMmunications  
NASA National Aeronautics and Space Administration 
NEA Newton-Euler Approach  
NRL Naval Research Laboratory  
NTUA National Technical University of Athens 
OECS Orbital Express Capture System 
OOS On Orbit Servicing 
ORU Orbital Replacement Unit 
PCB Printed Circuit Board 
PDR Progress Design Review 
PWM Pulse-Width Modulation 
RA Rotation Axis 
RMIT Rigid Multibody Impact Theory  
RNS Reaction Null-Space 
ROS Robotic Operating System 
ROTEX Robot Technology Experiment 
RPO Rendezvous & Proximity Operations 
RRM Robotic Refueling Mission 
RW Reaction Wheel 
SIS Space Infrastrtucture Servicing 
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SMART Small Missions for Advanced Reasearch and Technology 
SMMS Slar Maximum Mission Satellite 
SPDM Special Purpose Dextrous Manipulator 
SPHERES Synchronized Position Hold, Engage, Reorient, Experimental Satellites 
SRMS Shuttle Remote Manipulator System 
SRS Space Robotic System 
STS Space Transportation System 
STVF SPDM Task Verification Facility 
SUMO Spacecraft for the Universal Modification of Orbits  
TCP/IP Transmission Control Protocol/Internet Protocol 
TECSAS TEChnology SAtellite for demonstration and verification of Space systems 
UDP/IP User Datagram Protocol/Internet Protocol 
USB Universal Serial Bus 
VES Vehicle Emulation System 
VMI Virtual Mass of Impedance system 
VRML Virtual Reality Modeling Language 
 
  
 1 Introduction 
1.1 On-Orbit Servicing 
The exploitation of space requires the establishment of both human and robotic presence. Towards 
this goal, various roadmaps indicate the need for the realization of a robotic orbital infrastructure 
for tasks such as satellite servicing, refueling of space assets, orbital debris removal and 
construction of large assemblies on Earth or other planetary orbits. To this end, On-Orbit Servicing 
(OOS) plays a central role, [10], [79], [93], [158] and [159]. 
The history of servicing in space is not new; however the earlier approaches were 
inefficient. This was mainly due to the fact that initially satellites were built without taking into 
account serviceability. Although the docking operations of Gemini or Apollo can be regarded as a 
preliminary OOS function, it was the maturity and the increase of capabilities of satellite 
technology, which rendered the possibility of satellite servicing attractive to the space agencies. 
Additionally the availability of robotics services in space is becoming an important factor in 
space exploitation and in maintaining the required space infrastructure. Through robotic OOS 
operations a considerable reduction of operating costs for unmanned space assets such as 
navigation and geostationary communication satellite can be performed. The servicing of satellites 
on orbit includes many aspects of assembly and equipment maintenance (both corrective and 
preventive), the replenishment of consumables and upgrade and repair. 
The use of the OOS can be considered in different phases of the space mission life cycle: (a) 
Failure during the injection of the payload into its nominal target or transfer orbit. In most cases 
the satellite cannot accomplish this on its own and an orbit transfer vehicle could provide support, 
(b) Necessity for the support of unfinished operations during the test and commissioning phase. 
Typical example can be the incomplete deployment mechanism of solar arrays or of antenna 
dishes, (c) Premature end of life of a satellite due to equipment obsolescence or wear, and (d) 
Extension of the expected duration of the satellite operative life through a refueling of propellant 
tanks devoted to attitude/orbit control. 
Note that OOS operations are not restricted to mechanical assistance (robotic or not) of a 
satellite in need, but include generally value-added tasks on spacecraft, such as life extension or 
visual inspection tasks. 
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1.2 Motivation 
1.2.1 On-Orbit Servicing Challenges 
Various challenges must be taken into account during OOS tasks, rendering these missions 
difficult and complicated: 
a) Until now, all notable servicing cases were performed on Low Earth Orbit (LEO). This 
was expected because Extravehicular Activities (EVAs) were necessary in the servicing loop. The 
problem arises from the fact that even though important satellite systems are located in LEO, a 
large number of important space assets are also located in Geostationary Earth Orbit (GEO).  
b) EVAs are by their nature risky operations requiring months (if not years) of careful 
planning and preparation. This raises the costs of such efforts in such heights that do not make 
servicing missions viable except for specific space assets.  
c) Such servicing missions do not allow the possibility of contingency operations, especially 
when time is not available. 
These limitations lead the space agencies worldwide to examine if servicing missions can be 
performed in an autonomous fashion, which would enable the servicing at both the LEO and at 
higher altitudes, and even at contingencies. Such robotic systems, designed for fulfilling the above 
tasks, require extensive theoretical, analytical and experimental validation and are expensive to 
build; as a result, the increased use of robotics in OOS tasks created a number of new challenges. 
One of those challenges inlcude the performance of robotic systems during capture and 
docking. Therefore the exact moment of impact between two bodies plays an important role. This 
particular moment is critical because it defines the strategy prior to and after the impact. Knowing 
the exact capturing method and strategy, the controller should prepare the system for this moment 
and control the system after the impact has occured. Additionally, an impact in line with specific 
perfromance envelopes, allows the post impact controller to decrease actuator requirements. And 
as the impact is like a “discontinuity” during a smooth operation, mathematically and under certain 
conditions it can be treated as such, and in fact this is how it is treated in the basic 
stereomechanical impact methods. 
Using a number of passive or active techniques, engineers manage to mitigate the effects of 
an impact; however no complete theory regarding this mitigation of impact effects exists. This is 
more apparent in the free-fall environment. In most cases, these techniques consider impacts 
between systems which allow some relaxations: large masses which can be treated as almost fixed 
walls (such as the International Space Station - ISS), and cooperative targets, are two of the most 
common assumptions. 
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The problem however is more difficult when uncooperative objects are considered and/or 
when the impact masses are of similar magnitude. Then the abovementioned assumptions do not 
apply, and the relative inertia between the impact masses as well as the compliance characteristics 
of the systems should be considered. 
Consequently, research on the impacts during free-fall environments, is necessary in order to 
increase the performance of space robots during the execution of tasks which require their 
interaction with a Target. 
1.2.2 Space Debris 
Space debris is defined as the collection of man-made objects orbiting Earth that are no longer 
functional. The principle sources of space debris are failed satellite launches and spontaneous 
explosions due to the erosion of satellite fuel tanks and collisions in space. Since the launch of 
Sputnik 1 in 1957, more than 4900 launches have placed approximately 6000 satellites into orbit, 
of which about 928 are operational, as of April 2010. Most of them are located in LEO, (160 – 
2000 km), in GEO (36000 km), while the others are located in Medium Earth Orbit, (MEO, 2000 – 
36.000 km) and Elliptical Orbits, [72]. 
Space debris can be categorized in (a) mission related debris, (b) defunct spacecraft, (c) 
rocket bodies, and (d) fragmentation debris created from satellite break-up and collisions as well as 
a result of spacecraft deterioration, [48] and [62]. It is estimated that there are more than 20.000 
pieces larger than 10 CoM on orbit, 600.000 pieces larger than 1 CoM, and in total more than 300 
million larger than 1 mm, [63]. Figure 1-1 shows all catalogued objects orbiting Earth that are 
tracked by the US Space Surveillance Network, categorized by type. Figure 1-2 shows the total 
number of catalogued space object population in LEO as of April 2010, [111] and [112], and gives 
an accurate estimation of the magnitude of man-made space objects in LEO. 
The density of space debris in LEO is in the order of magnitude of 10-8, since the debris 
fragments are scattered throughout. Easily one may deduce that the majority of tracked objects is 
in LEO, thus denoting a greater interest in the debris situation in LEO. Indeed, two major events in 
the space debris creation were the Chinese anti-satellite test in 2007, and the hypervelocity 
collision in 2009 between a US and a Russian communications satellite, the operational Iridium 33 
and the decommissioned Cosmos 2251, [109] - [112]. The ISS has executed many collision 
avoidance manoeuvres, and once the crew at ISS had to be evacuated temporarily into the Soyuz 
TMA-13 spacecraft attached to the ISS when a piece of debris measuring about 13 CoM was 
expected to come close to the ISS [110]. However also the interest in GEO is increasing as many 
important satellites are located there, [8]. 
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Figure 1-1. Catalogued Objects in Earth Orbit, (source: NASA). 
 
Figure 1-2. Growth of catalogued LEO space objects (with orbital periods less than 127 minutes), (source: 
NASA). 
Space debris is an ongoing and increasing hazard to space operations; it is uncontrollable 
and the orbits of these debris fragments often overlap with the trajectories of spacecrafts. Space 
debris pose a significant collision risk that could cause severe damage to satellites, resulting in 
major problems in navigation, communication, meteorology and other applications where satellites 
are essential, [42]. Additionally, the congestion of debris in LEO and GEO mostly, results in fewer 
usable slots for satellite operators. The orbiting space debris is also a cause of major concern for 
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human spaceflight, since even a small collision with a space vehicle or with the ISS could prove 
catastrophic. For example, in LEO, orbital debris circles the Earth at speeds of 7 to 8 km/s. The 
average impact speed of orbital debris with another space object in LEO can reach even 10 km/s if 
the impact is oblique. Thus, collisions with even a small piece of debris can cause great damage. 
From the above discussion, the need for space debris mitigation is clear. This can be done by 
(a) protecting spacecrafts from collisions and shielding them, (b) reducing the amount of new 
debris created and (c) removing existing debris. Currently, there are established international 
guidelines for debris mitigation, issued by NASA, ESA and the Inter-Agency Space Debris 
Coordination. Additionally, ESA is developing a European surveillance network to track and 
catalogue debris, [70]. It is worth noting that the removal of debris, especially of large or intact 
pieces, can be inhibited by legal issues. Unless active removal of existing orbital debris actually 
happens, the amount of debris larger than 10CoM will continue to increase due to collisions 
between existing satellites and fragments, even if no new missions are launched, [109] and [111]. 
As the number of artificial satellites and debris orbiting Earth increases, the probability of 
collisions between satellites also increases. This could lead eventually to chains of successive 
collisions, leading to the growth of a belt of debris around the Earth, a situation that is called the 
Kessler Syndrome, [90]. By actively removing a few pieces of debris larger than 10CoM per year 
from LEO the debris population will be stabilized and eventually reduced. Figure 1-3 shows the 
growth of debris larger than 10 CoM in LEO, [110] and [112]. It is clear that an active removal 
method must be seriously considered in the next years in order to halt the growth of debris and 
eventually reduce it. Several methods for debris removal have been proposed, e.g. [14] and [105], 
like ground or space laser, drag augmentation devices, solar and magnetic sails, momentum and 
electrodynamic tethers, etc. OOS is a key technology which can efficiently reduce space debris 
both by removing small and large pieces (such missions are termed Active Debris Removal – 
ADR) and by repairing malfunctioned satellites. 
1.3 Background on On-Orbit Servicing 
1.3.1 A Typical OOS Mission 
An OOS task includes the following phases, [35], some of them being typical for any space 
mission [140], Figure 1-4: (1) Launch of the servicing satellite and set on stable orbital conditions, 
(2) Phasing, that is the reduction of the orbital phase between the Servicer and the Target Satellite, 
(3) Far Range Rendezvous, to transfer the Servicer near the Target, (4) Close Range Rendezvous, 
to reduce further the distance with the Target and approach capturing conditions, (5) Mating 
(Docking or Berthing), (6) Implement the mission tasks (e.g. servicing), and (7) Departure. 
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Figure 1-3. LEO debris >10CoM growth projection, (source: NASA). 
 
Figure 1-4. Typical scenario of an OOS mission. 
This work focuses on phase 5. Therefore more details are given on this phase. More 
specifically the mating system - the mechanical system that will perform the capture or docking 
procedure - should be able to achieve capture, attenuate any residual relative motion, bring the 
interfaces of the structural latches into operational range, achieve rigid structural connection, etc. 
Technically the feasibility for mating is pre-determined by some prerequisites: approach velocity, 
lateral and angular alignment of the systems, lateral and angular rates for docking, position and 
attitude accuracy, and residual linear and angular rates.  
For mating one can identify the following activities, docking and berthing. The difference 
between them is that: (a) in docking all tasks for mating are concentrated in one system, in berthing 
some components may lay in a different plane from the capturing one, (b) in docking there must be 
at once contact and utilization of the mating systems actively, whereas in berthing the first capture 
is not rigid, and usually a robotic arm is used, and (c) in berthing the Chaser and the Target are 
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separated by a small distance before the operations commence. In both cases a manipulator, or 
generally a chaser system, comes into contact with the target system, and this operation is 
inevitably connected with impacts and rebounds which can last to up to a second for relative 
velocities of 0.1m/s. These rebounds may be minimized or even disappear if a special docking 
mechanism, procedure and/or approach is employed.  
1.3.2 OOS in Space Missions 
In the next sections a brief introduction of the most important OOS systems will be presented. The 
list is not exhaustive but aims to help the reader to understand the technical challenges of OOS. 
Past Space Missions 
The first servicing case of an unmanned space asset was the repair mission of Solar Max in 1984 
by STS-41-C Space Shuttle 11th mission [73]. During this mission extensive preparations for EVAs 
were performed in buoyancy facilities. The astronauts were going to grab the satellite using a 
latching mechanism specifically developed for this mission, as the satellite was already equipped 
with an adequate interface. However, due to a faulty design of the grapple fixture, the task was 
impossible. Then another highly risky plan materialized: all Space Shuttle astronauts but one were 
in EVA, grabbing the satellite with their hands until it was attached to the Shuttle robotic 
manipulator end effector (see Figure 1-5). This event proved that servicing missions on orbit are 
far more complicated than expected. Other notable servicing missions of this kind include the five 
servicing missions of the Hubble Space Telescope (HST) between 1993 and 2009, [64]. For these 
missions, all executed by the Shuttle crews, specialized tools and methods were developed. During 
those missions, the servicing of satellites proved to be a viable solution extending the life span of 
satellite systems, especially when their development costs are high and their potential loss can put 
scientific or other missions in danger, see Figure 1-6. 
  
(a) (b) 
Figure 1-5. STS-41C astronauts George D. Nelson, and James D. van Hoften share a repair task at the 
captured Solar Maximum Mission Satellite (SMMS) in the end of the Challenger's cargo bay. 
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(a) (b) 
Figure 1-6. (a) Maintenance work on the HST, on February 15, 1997 and (b) Astronaut anchored on the end 
of the shuttle's robotic arm, during the shuttle Endeavour's 1993 servicing mission (Credit: NASA). 
The DLR’s teleoperated Robot Technology Experiment (ROTEX) flew with Spacelab-
Mission D2 was the first successful attempt to study and experimentally demonstrate robotics 
technologies in space [132]. The first notable case of autonomous OOS demonstration flight was 
JAXA’s Experimental Test Satellite VII (ETS-VII) [46] and [167], launched in November 1997, 
with the objective to verify robotic technologies for autonomous orbital operations such as 
rendezvous and docking, and servicing in space. The experimental system included a 6-DOF 
robotic arm (total length of 2m), mounted on an unmanned spacecraft, Figure 1-7. Some 
theoretical manipulation and control techniques, such as the Generalized Jacobian Matrix (GJM) 
based inertial manipulation and the Reaction Null-Space (RNS) based reactionless manipulation, 
were tested and verified [168]. 
 
Figure 1-7. The orbital replacement unit (ORU) of ETS-VII is unlocked using robot arm's socket wrench 
and then removed from the satellite (source: JAXA). 
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On the other hand, the goal of the 2005 Demonstration for Autonomous Rendezvous 
Technology (DART) program was to demonstrate completely autonomous on-orbit rendezvous 
between DART and the MUltiple paths Beyond-Line-of-sight COMmunications (MUBLCOM) 
satellite. DART performed as planned during the first eight hours through the launch, early orbit, 
and rendezvous phases of the mission, accomplishing all objectives up to that time. However, 
approximately 11 hours into what was supposed to be a 24-hour mission, DART detected that its 
propellant supply was depleted, and it began a series of maneuvers for departure and retirement. 
Although it was not known at the time, DART had actually collided with MUBLCOM before 
initiating retirement [118]. 
The most known effort in autonomous docking and refueling was the Orbital Express [23] 
by DARPA/NASA in conjunction with Boeing, Figure 1-8. Two satellites, the 1.75 m x 1.77 m 
and 1100 kg ASTRO (the servicing system) and the 1 m x 2 m and 224 kg NEXTSat (the serviced 
satellite) were launched in 2007. Several experiments took place to examine the autonomous 
rendez-vous and docking, as well as servicing tasks, and the mission ended with great success, 
[116] and [144]. During the Orbital Express mission, several Rendezvous & Proximity Operations 
(RPOs) from various distances and docking demonstrations were conducted. Moreover, liquid 
propellant, a supplemental battery and a backup flight computer were successfully autonomously 
transferred from ASTRO to NEXTSat, demonstrating the feasibility of both fuel and Orbital 
Replacement Unit (ORU) replacement. The functionality of both components was proven after 
transfer, [45] and [51]. 
  
(a) (b) 
Figure 1-8. (a) ASTRO captures NEXTSat during the Orbital Express missions (source: Boeing courtesy 
DARPA) and (b) propellant transfer operation (source: Boeing). 
In Europe the project ConeXpress-OLEV (lead by Dutch Space [15], [16] and [33]) was 
conducted under ESA’s ARTES 4 public-private-partnership initiative. The OLEV technology was 
focused on life time extension of telecommunication satellites in GEO by docking a servicing 
spacecraft that takes over the AOCS tasks of the mated system. This project was canceled but a 
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new venture, the SMART-OLEV project based upon ESA’s Small Missions for Advanced 
Research and Technology (SMART) platform developed by the Swedish Space Corporation, and 
had similar goals as the ConeXpress-OLEV, was developed [86]. A common goal of the project 
was providing the OLEV technology as commercial service to telecom satellite operators like 
OPTUS and Eutelsat. Note that again, the SMART-OLEV was designed for docking and 
undocking to allow multiple missions. 
On-Going Space Missions 
The first notable cases of orbital robotic servicing mechanisms that are still operational, is the ISS 
robotic manipulators series by the Canadian Space Agency (CSA), even though these are not 
autonomous, but rather teleoperated. This series includes the following manipulators: (a) the 
Shuttle Remote Manipulator System (SRMS), also known as Canadarm (retired in 2011) [52] (b) 
the Mobile Servicing System (MSS), better known by its primary component Canadarm2 [54] and 
(c) the Dextre, also known as the Special Purpose Dexterous Manipulator (SPDM) [55]. These 
manipulators, see Figure 1-9, have already been used in various orbital servicing missions and 
orbital servicing demonstration missions, such as the assembly of various parts of the ISS and the 
Hubble servicing missions. Another robotic manipulator installed at the ISS is JAXA’s Japanese 
Experiment Module Remote Manipulator System (JEMRMS) [47]. 
   
(a) (b) (c) 
Figure 1-9. (a) Canadarm2, (b) Dextre, and (c) JEMRMS (source: NASA). 
Recently, NASA proceeded with another scenario: refueling and servicing satellite systems 
not designed for such tasks, namely the Robotic Refueling Mission (RRM) [50]. This is an 
ambitious but important goal, especially since the satellites in geosynchronous Earth orbit were 
never designed to be serviced in space. Experiments take place on board the ISS (in a joint effort 
with CSA), following extensive test procedures on Earth [103]. For the purposes of this project, 
NASA has developed mock-up systems, which resembled a target satellite (RRM module) and 
dedicated tools to be operated by Dextre, Figure 1-10. The RRM was successful in refuelling a 
satellite not designed for OOS; however it remains to be seen what modifications must take place 
in case the serviced system mass is comparable to that of the servicing one – until now the 
experiments took place using the Dextre manipulator and a mock-up mounted on the ISS. 
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(a) (b) 
Figure 1-10. (a) Dextre robot moves the RRM Multifunction Tool towards the RRM module and (b) the 
Dextre robot performing a new set of satellite-servicing tasks on the RRM module (source: NASA). 
Future Space Missions 
There are several future projects at various stages of preparation not yet tested in space. TECSAS 
(TEChnology SAtellite for demonstration and verification of Space systems) was a joint project 
between EADS, Babakin 2Free-Flying Robot Testbed (FFRT) Space Center and DLR started in 
2003, [143], Figure 1-11a. Germany continued TECSAS development work under the Deutsche 
Orbital Servicing Mission (DEOS) mission (status: PDR in progress), [15], [131] and [133] - [135]. 
DEOS, Figure 1-11b, is currently performed on behalf of the DLR, funded by the Federal Ministry 
of Economy and Technology within the framework of Germany’s National Space Program. The 
project is an in-flight technology demonstration mission focusing on the robotics approach to both 
service and dispose of malfunctioned satellites in LEO. 
  
(a) (b) 
Figure 1-11. Artist’s representation of (a) the TECSAS system, and (b) the DEOS system. 
The Spacecraft for the Universal Modification of Orbits (SUMO) by DARPA, was going to 
demonstrate machine vision, robotics, and autonomous control on board the satellite to accomplish 
an automatic rendezvous, [11] and [94]. The SUMO program was renamed to Front-end Robotics 
Enabling Near-term Demonstration (FREND) with the objective of performing autonomous 
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rendezvous and docking with satellites that have not been built to enable robotic servicing [89]. 
The FREND program used a 7-DOF ﬂight robotic arm system with its associated avionics to 
accomplish full-scale laboratory demonstration of autonomous rendezvous and grapple of a variety 
of spacecraft interfaces, [27] and [148], Figure 1-12. The FREND robotic arm is being currently 
utilized in a new DARPA OOS program, called PHOENIX, which is aimed at removal and reuse 
of some existing parts of decommissioned satellites in GEO orbit, [57] and [146]. Some other 
interesting systems include the Space Infrastructure Servicing (SIS), which is being developed by 
the Canadian aerospace firm MacDonald, Dettwiler and Associates (MDA) to operate as a small-
scale in-space refueling and servicing depot for communication satellites in GEO orbit [67] and the 
Mission Extension Vehicle (MEV) which provides life extension and other services [8] and [66]. 
  
(a) (b) 
Figure 1-12. (a) The FREND under full-scale rendezvous and autonomous robotics grapple testing, (source: 
NRL) and (b) an artist’s reperesentation of the PHOENIX OOS program, (source: DARPA). 
A final notable case of a robotic mechanism is ESA’s European Robotic Arm (ERA) [59]. 
This is a robotic servicing system, which will be used to assemble and service the Russian segment 
of the ISS, Figure 1-13. The ERA will work with the new Russian airlock, to transfer small 
payloads directly from inside to outside the International Space Station and to transport astronauts 
like a cherry-picker crane to a position where they can work on the exterior of the Space Station, or 
from one external location to another. This again saves time and effort during spacewalks. 
Moreover, the ERA will use infrared cameras to inspect exterior surfaces of the Space Station. 
 
Figure 1-13. ERA undergoing tests at ESA’s facilities (source: ESA). 
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Other robotics missions  
A notable ongoing inspection and formation flying mission is the Synchronized Position Hold, 
Engage, Reorient, Experimental Satellites (SPHERES) by NASA, [65] and [137]. It is a test-bed 
consisting of three 8-inch-diameter (200 mm) miniaturized satellites that can operate in a variety of 
environments, including inside the ISS. Another notable ongoing robotic project, currently on 
board the ISS, is NASA’s human-like (torso, head and arms) robot Robonaut 2, [49]. In Europe, 
perhaps the most successful heritage is the autonomous docking of ATVs on the ISS in April 2008, 
testing the capabilities of autonomous docking with manned systems, while providing resupply and 
orbit-lifting capabilities for the ISS [34]. Another resupply vehicle for the ISS, which currently has 
autonomous docking capabilities, is the Russian vehicle with a long history of missions, dating 
back to 1978 and the MIR space station, [69]. 
1.3.3 Docking Mechanisms 
In this section a brief introduction of the main docking mechanisms used in space is presented, in 
order to make clear the challenges that impact modelling of mating systems in space has to 
overcome. 
Categories of docking mechanisms 
There are various types of docking mechanisms depending on their functionality and their 
operational characteristics. These have impact on their design specifications which include the 
number of docking points, the existence of dedicated passages for fuel, data, goods or even 
humans, its size, etc. Accordingly some main categorizations can be identified: 
i. The first categorization depends on whether the docking mechanism is used for manned or 
unmanned vehicles. In the former case the design is more complicated because there must be 
a pressurized passage for both humans and goods. In the latter case the development is much 
more straightforward as the main driving requirement is the structural rigidity between the 
two systems (chaser and target vehicles). 
ii. The second categorization depends on whether the docking mechanism is central or 
peripheral. In the central case, there is usually an active part in the form of a rod termed 
probe, and a passive part in the form of a hollow cone termed drogue. This mechanical design 
is simpler in design and allows larger flexibility especially in unmanned vehicles. In case this 
type of system is going to be used in manned missions it has the disadvantage that the docking 
system must be removed and stored. On the other hand the peripheral docking mechanisms 
allow a more convenient creation of a passage through them during mating, however their 
design and dynamic analysis is much more complicated and constrained. 
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iii. A third categorization, which has to do mainly with the peripheral docking systems, depends 
on whether the docking system mechanism can be both active and passive depending on the 
mission, or it can operate in only one of these modes. In the first case it is called as 
androgynous and in the second as non-androgynous. Note that by design, in the androgynous 
systems, both mating parts are almost identical in design, so that any two can mate. 
iv. A forth categorization has to do with the latching type. More specifically, as the mating 
elements of the docking systems approach, the latching can be active or passive. During active 
latching a sensor detects that the mating halves have reached a critical threshold and a number 
of controllable elements (e.g. motors) give motion to mechanisms which will grab and lock 
the docking elements. On the other hand, during the passive latching, the docking elements 
are effective due to a residual kinetic energy. As the passive systems use the impact forces as 
means for latching, they are usually applicable in central docking systems, whereas the active 
docking is used mainly in peripheral docking systems. 
Other parameters that affect the design of the docking mechanisms are the contact 
parameters, which are determined by the operational envelope of the docking system (relative 
velocities, maximum lateral and angular misalignment, etc.) and the type of utility lines used (e.g. 
power, data, fluid, etc.). 
Typical central docking mechanisms 
This section provides an overview of some important central docking mechanisms with 
cooperative targets. These were studied as an inspiration for the modelling of impacts during 
docking but also for a deeper understanding of the underlying concepts. It is not the purpose of this 
section to make an extensive analysis of the electromechanical subsystems of each docking system; 
the interested reader should consult the references at each docking system or documentation for 
rendezvous and docking such as in [17] and [35]. Additionally for some important androgynous 
systems, the reader should consult [60], [80], [107] and [113]. 
One of the first docking systems with high level of technical maturity was The Apollo 
Probe-Drogue System used in the Apollo and the Skylab programs, Figure 1-14a. It is a central 
docking system with a reception cone with a capture hole and a spherically suspended rod. A shock 
attenuation mechanism exists on the chaser side. After contact the conical tip is pushed towards the 
capture hole, while the spherical bearing allows the correct alignment. Finally a number of spring-
loaded capture latches are engaged on the flange inside the hole. The rod is retracted and the final 
alignment between the vehicles is performed. Next the structural connection is achieved using 
single hook structural connection latches engaged on the flange of the docking ring [163]. On the 
other hand, the Russian Probe-Drogue Docking System has been used in MIR and Salyut systems 
for docking with the manned Soyuz and unmanned Progress spacecraft’s, Figure 1-14b. However 
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its robust design has led to its current use in ISS for docking not only of the previous systems but 
also of the ATV. Its legacy stems from the Apollo era (started in USSR in 60s), and after several 
redesigns it took the current design form. The concept is similar to the Apollo probe-drogue system 
[68]. Other interesting docking systems that are similar to the central docking ones are the ETS-VII 
Docking Mechanism, [169], the Grapple Fixture used in ISS and Canadarm, [52] - [54], and the 
Orbital Express Capture System (OECS), [144]. 
  
(a) (b) 
Figure 1-14. (a) Apollo Probe-Drogue System and (b) Russian Probe-Drogue Docking System. 
1.4 Literature Review 
1.4.1 Simulating Impacts 
In order to simulate effectively the impacts between systems, it is necessary to incorporate impact 
models which can describe accurately this kind of interaction. This modelling has to cope with 
various parameters, such as the nature of the materials which come into contact and the velocity 
between the systems under impact, but most importantly it has to be able to describe the fast nature 
of impacts. Thus a candidate model must be accurate enough, fast enough and with the capability 
of representing as many impact types as possible. 
On the same time, on orbit impacts can be treated in various ways during analytical 
development, however in order for the simulations to represent accurately the interaction, a strict 
approach is required. Although typically the impact occurs between metallic components, this is 
not always the case. Indeed, modern approaches in space technology have to take into account not 
only interactions between metallic bodies, but also interactions with highly compliant materials, 
like the external blankets of satellites which must be grasped and torned in order to have access to 
the ORUs, [103], or flexible habitats, [56]. Regarding the flexible habitats on orbit, they form a 
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new approach by NASA which have contracted projects with developers of such systems aiming 
for using them in the next few years; thus a complete impact model must be able to have a more 
universal approach. 
To this end various approaches have been examined. In principle, such impacts can be 
modelled via three methods [38]: the stereomechanical theory method, the Finite Element Method 
(FEM) and the compliant/viscoelastic approach. The stereomechanical theory does not take into 
account the entire impact phase but considers it as a discontinuity, thus missing impact 
information. Its main advantage is that this theory is very fast comparing to other methods. On the 
other hand, FEM methods are very accurate but on the same time computationally demanding and 
difficult to use online. The use of compliant (viscoelastic) models seems more appropriate, as the 
impact between different materials can be described by lumped parameter models with suitable 
characteristics [145]. This method combines relatively high speed calculations with very good 
accuracy. There are various models in the literature with more prominent the Hunt-Crossley (HC) 
model, [76]; in fact the majority of the viscoelastic models use the HC model as a basis.  
Considering however that an impact model should be able to describe as many impact types 
as possible, it is interesting to note that the viscoelastic models cannot describe at all the permanent 
or extreme deformations that could take place between compliant materials and/or impacts of 
higher velocities which can lead to deformations. Usually a simplified model for the impact plane 
(the common tangentential plane between the bodies under impact) is chosen, and in the case this 
description is used to control the motion of a robot, the controllers consider the compliance effects 
as disturbances. However, this approach fails in medium and high deformable environments. 
In order to find the solution on this problem, the approach of other areas of engineering in 
similar problems was examined. One of the most interesting approaches, is the description of the 
foot-terrain interaction, a process which incorporates the impact of materials which can have 
various compliances due to different terrain types. In this case, facing compliant terrains as a 
terramechanics issue, a number of researchers make use of Bekker or similar models [29]. Yet, 
these approaches do not result in an adequate representation of the dynamic interaction in all cases. 
For this reason, other approaches were proposed in works such as [162], where a viscoelastic 
model is used, or such as [95] where the authors coined the term “terradynamics”. The approach 
in [95] is applicable to the locomotion of robots on various terrains, but does not include the 
impact effects, prominent in fast dynamic walking, which is more similar to the case investigated 
here. The terradynamics approach seems efficient on granular media such as sandy terrains, for 
which interaction forces are of hydrodynamic nature. Other notable works presents the volumentric 
approach, which is however more efficient in numerical applications with high computational 
capabilities and requirement for graphical representations, e.g. in [40]. 
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Thus in order to merge the advantages of viscoelastic description, and take into account the 
incorporation of permanent deformations, viscoplastic extensions of the viscoelastic models were 
examined, which are used in the area of mechanics of materials, such as in [21], [166]. Recent 
works also focus on modeling terrain compliance; however they do not cope with repetitive 
material compressions, while energy loss due to the deformations is neglected [6]. In another work, 
a similar approach to this work was presented, however again the issue of repetitive loading is not 
modeled, although their experimental data shows the existence of this issue during impacts (stance 
in this case) [83]. Similarly in [82] a more analytic approach to the problem is presented however 
the interest in that work is more in the area of identifying the effect of the damping factor and on 
the same time the repetitive loading is not examined. 
1.4.2 Advanced Problems in Impact Theory 
Impact occurs when two (or more) systems come into contact. However in the case of multibody 
systems, analyzing the impact solely between the bodies that come into contact is not enough. This 
multibody analysis of the impact is of high importance in order to determine accurately the 
developed forces and its repercussions. Especially in space it is very important to analyze the 
impacts accurately because there is no manner to fix the systems like on the Earth (i.e. ground 
surface or walls), and any miscalulation in impact analysis may lead to disastrous results. 
For example, in order to use specialized controllers during the interaction between systems, 
like Impedance Control [44], it is necessary to define a way to incorporate the required gains in the 
controller which correspond to mass and stiffness. Many researchers have proposed various ways 
to achieve this. For example in [106] the virtual mass of impedance system (VMI) is proposed, 
where the base of the robot is considered as a wall and the manipulator is modelled with lumped 
parameters connected to the base and come into contact with the taget. By approximating the 
natural frequency of a VMI which corresponds to all the lumped parameters with the real system 
the authors try to find a solution on the problem. In a similar essence the authors in [151] and [152] 
try to define the control strategy by defining a virtual mass which simplifies the systems into 
contact and they present some experimental results – however in all cases descrepancies are 
identified between these results and the prediction. This is mainly due to the fact that the analysis 
simplifies the systems under impact without considering that both the chaser and target are free 
floating. Again it is necessary to take advantage of the approaches of other fields of engineering. In 
this case the analysis of the impact behaviour in two interesting cases, is required: hard impacts 
and multiple collisions. 
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Hard Impact 
During the impact between two rigid bodies with small compliance the behaviour of the force 
development has the form of Figure 1-15, where Doh et al, [30], [31] and [32], have been divided 
in three separate phases:  
a) the pre-transition phase where the force has a large peak and small duration, where the rigid 
body theory is more applicable,  
b) the transition phase where the two bodies tend to remain together but do not separate (the inertia 
characteristics of the bodies do not allow separation) and a visco-elastic theory is more appropriate 
and  
c) the steady state. 
 
Figure 1-15. Force development during a hard contact. 
The small duration of the pre-transition phase, and the large forces developed, make this 
phase very difficult to control. Additionally controllers like impedance control, PI force control 
with velocity feedback etc. are more appropriate for the transition phase. The researchers in fact 
control the behaviour of one body via the use of a simple stable controller, which tries to “brake” 
the rebound motion of the body under impact. In other words it is like hitting with a spear a target, 
and as the spear rebounds, the hand tries to move forward in order to cancel the rebound motion. 
Note that in space, during the contact between metallic objects the pre-transition phase is rather 
obvious and problematic. An interesting question however is, as the bodies become multi-body 
systems, to what extend the system characteristics, affect the existence and the duration of the pre-
transition phase. 
Multiple Collisions 
This particular subject is still an open question in the literature; generally the behavioural 
description of the impact between two bodies, whether rigid, low compliance or large compliance, 
Fi
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is well known. However as the bodies under impact have interconnected parts (compliant or not), 
or the bodies under impact are more than two, the description becomes more complicated and in 
many cases the non-linearity of the description leads to chaotic systems which are beyond the 
scope of this work. Interestingly enough it is possible using the rigid body theory, and the same 
initial conditions, to deduce different acceptable results for an impact of three bodies, which 
depend whether the impact is considered simultaneous or sequential. 
Stronge [145] analyses the behaviour of multibody systems, using Lagrange formulation and 
rigid body theory. However this description does not account for compliance characteristics and 
the resulting equations become large even for 2 or 3 body systems. In the case of compliant 
constraints it must be examined wether the impacts are sequential or simultaneous. In fact the 
question of sequential or simultaneous impact is rather important; during the sequential case, the 
impacts can be examined pairwise (in other words, two bodies under impact each time are 
considered) whereas during the simultaneous case the situation is more complicated and unclear. It 
is also very common that researchers examine the situation of multiple collisions as an 1-D 
collision, usually using rigid body theory or compliance characteristics without damping. 
Interesting approaches can be found in Quinn and Bairavarasu, [130], on how to define the status 
of an impact between three bodies however the extension of the approach to more bodies seems 
difficult. Jia et al, [84], describes a very interesting concept which separates the phases of an 
impact between two bodies to each other and with terrain at four separate cases. Using this method 
and after a laborious analysis, the complete path of the impact can be described graphically. Note 
that the authors take into account the work of Stronge, on altering the stiffness characteristics of 
the fictitious spring which describes the interbody compliance. However the researchers find that 
the stiffness ratio and the mass ratio of the springs and bodies affect the behaviour of the system in 
impact and not the values per se, something that shall be examined also in this work. Other seminal 
works are by Ceanga and Hurmuzlu [17] and Hurmuzlu et al [77] who introduce, using the rigid 
body theory, the Impulse Correlation Ratio, a method which defines how much two impulses that 
act upon a body affect its motion. Their method can be also explained graphically and can be 
extended to more than 3 bodies. The authors use for the analysis the Newton’s Cradle which 
proves how complicated the problems which include multiple collisions are. 
1.4.3 Center of Percussion 
To perform a robotic servicing mission, it is necessary to reach and grab a target (satellite or 
debris). Assuming a space robot already on orbit, this procedure includes the phases of far and 
close rendezvous, mating (docking or berthing) – which incorporates capturing of some kind - and 
servicing, [35]. The capture of a target by a space robotic system, consisting of a satellite base and 
of one or more manipulators mounted on it, is a demanding task. Difficulties arise due to the 
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dynamic coupling between the base and the manipulator, [120]. Capture is inevitably connected 
with impact forces as the chaser and the target come into contact. This task is more challenging 
when the robotic system and the target have comparable masses. Thus, to minimize the reaction 
forces, the reduction of body impulses using the Extended Inertia Tensor has been proposed, [171], 
and the concepts of virtual mass and the impedance matching of systems were studied, [170]. 
Notable works focus on the problem taking into account the system dynamics, post impact, [28], or 
prior to impact, e.g. by incorporating an optimal approach method, [37]. 
In this section a method for minimizing undesired reaction stresses on the chaser during 
impacts is described. It exploits the physical characteristics of bodies rotating around an axis. It is 
based on a property known in mechanics, called the Center of Percussion (CoP) or Percussion 
Point. Its primary use is in sports equipment (e.g. tennis rackets, baseball bats) and hand tools (e.g. 
hammers). For example, if an external force acts on a bat’s CoP, less stress is produced on the 
hands of a player (sweet spot), [26]. The CoP has been of limited use so far in other areas although 
some interesting works appeared recently. A novel method which exploits the CoP for legged 
locomotion is proposed, by considering the foot while in stance, as a pivot, [2]. Another work for 
bipeds uses the CoP for weight lifting, [4]. The use of CoP to minimize the reactions on a wagon 
when it encounters an object has been proposed, [81]. The existence of multiple CoPs at flexible 
beams was also presented, [147]. Generally, the analytical treatment in the bibliography is scarce. 
However the CoP can be exploited further for space applications. 
Apparently, any reduction of the reaction forces on robot joint bearings is welcomed, as it 
reduces the developed stresses and consequently the probability of mechanical failure. 
Additionally, and especially for space systems, any reduction in reactions minimizes the 
translational forces that affect the free-flier base, minimizing the tendency of the chaser to move 
away from the target after an impact (especially following an unsuccessful capture). Staying close 
to the target also minimizes the fuel that would be required to approach the target again. To this 
end the interesting property of CoP to theoretically cancel out reaction forces seems beneficial for 
a robot. However it is necessary to examine its performance on three-dimensional cases and 
examine thoroughly the sensitivity on system parameters errors; any impact is by nature a process 
with fast dynamics, therefore it is necessary to know prior to any impact, and especially during the 
design phases, how these errors may affect the performance of a system. 
On the other hand, the CoP is a property usually connected with free rotating joints. This is 
true also in robotics if it is possible to have a (ideally) passive joint – for example by disengaging 
the motors of a joint during the impact. However either this is not always possible nor the joint 
bearings can be considered as perfectly frictionless. Usually the robotic systems on orbit have 
rotational joints and use Harmonic Drives (HD) which are rigidly connected with the links, [43]. 
Disregarding the backlash (which can be regarded as zero for HD), gear friction is a present 
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problem on all kinds of transmission systems, [96]. Additionally it is not always possible to have a 
perfect impact at a particular point – thus a compensation measure must be implemented to reduce 
the reaction forces. Confronting these issues resembles the approaches used in rehabilitation 
robotics. Indeed in such robots, it is necessary for patients with reduced neural or muscle 
capabilities to easily move the links according to the designed therapy. In those cases for example 
even small friction torques are a problem, [91]. Here a similar approach is considered, using the 
concept presented in the work of Nef and Lum, [114].  
1.4.4 Experimental Facilities 
In validating space robotic systems, simulations are often performed. However, the validity of 
numerical models is often questioned, especially when contact dynamics are involved. This shows 
that the autonomous capture or docking is a very difficult and risky task. Το ensure a safe and 
reliable operation, such a task must be carefully designed and thoroughly verified before a real 
space mission takes place. The different approaches employed to emulate zero-G conditions for the 
development and verification of space robotics for OOS missions are presented below. Emphasis 
will be given to systems which are similar to the system upgraded during Heracleitus II work (i.e. 
air-bearing test-beds), however a brief presentation of other types of emulators is included, too. 
Air-Bearing Facilities 
The air-bearing approach is the most commonly used technology for emulating the on-orbit 
servicing activities. This approach negates the effect of gravity by employing a practically 
frictionless motion of the simulated robotic system on a horizontal plane. Such a system consists of 
a surface of negligible roughness, such as a granite or glass table, and one or more robots floating 
on the table. For emulation of the zero-g 2-D environment, gas under pressure is used, which flows 
through a number of air-bearings forcing the robots to hover on the table. 
A known facility is the SPHERES project, developed by the MIT Space Systems Laboratory 
in conjunction with NASA, DARPA, and Aurora Flight Sciences. This is a test bed designed for 
testing formation flying algorithms and consists of three small satellites, each attached to a puck 
that hovers over a glass table using air-bearings, and moves using thrusters [160]. At the same 
time, to validate simulation results, the MIT Field and Space Robotics Laboratory (FSRL) also 
developed the Free-Flying Space Robotics (FFR) experimental test-bed, see Figure 1-16a, [149]. 
The Stanford University's Aerospace Robotics Laboratory has developed one of the first planar 
simulators for space robots, as illustrated in Figure 1-16b. In this emulator, three active free-flying 
vehicles and one passive target vehicle hover over a granite table using air-bearings. The three 
active vehicles were propelled by cold-gas thrusters and momentum wheels have been installed on 
two of them. The purpose of the emulator was to test formation flying control, assembly and 
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construction methods [136]. This project has not been in operation for some years, until recently 
Stanford decided to build a newer version, but the information on this is still scarce [74]. 
  
(a) (b) 
Figure 1-16. (a) The Free-Flying Space Robotics (FFR) experimental testbed and (b) The Stanford space 
emulator. 
In Japan, a research group at Tokyo Institute of Technology developed the Experimental 
Free-FlOating RoboT Satellite simulator (EFFORTS) which is one of the earliest attempts of air-
cushion type microgravity test-beds, see Figure 1-17a, [168]. Recently an integrated experimental 
environment for orbital robotic system consisting of ground-based and free-floating manipulators 
utilizing an air-floating testbed, was developed by the Space Robotics Lab at Tohoku University. 
The complete system is shown in Figure 1-17b, [150]. Apparently, as one of the manipulators is 
fixed, crucial information regarding the impact dynamics of the systems is masked. 
 
Figure 1-17. (a) EFFORTS Simulator and (b) the recently developed simulator of Tohoku University. 
In Europe, in collaboration with the "G. Colombo" Center of Studies and Activities for 
Space (CISAS), the University of Padova has developed a robot with an anthropomorphic 
manipulator that hovers over a small table using air-bearings and moves using thrusters [9]. The 
University of Southampton has a simulator that consists of a glass table on which mock-up 
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satellites can glide. Each mock-up consists of a base disk that glides on the table, and a satellite 
frame attached to the base that can rotate [157]. In this case small propellers are used for motion, 
which insert a level of inaccuracy, as their dynamics are different than the dynamics of on/off 
thrusters. Additionally the friction on the table is not as low as in the case of hovering. 
During the last few years in Europe three air bearing testing facilities have been built. The 
first located at the Control Systems Laboratory of the National Technical University of Athens 
(NTUA) (GR), is presented in [100]. The goal of this emulator is to be used as a test-bed for 
studying the dynamics and control of space robots with or without manipulators, while performing 
common OOS tasks, such as docking, berthing, assembly, passive object handling, etc. on a plane, 
see Figure 1-18. 
 
 
(a) (b) 
Figure 1-18. a) The Space Emulator with both robots floating on the granite table and (b) The CSL Space 
Emulator Workstations. 
In Thales Alenia Space, an experimental rig has been developed which allows for the 
verification of guidance, navigation and control algorithms in an in-plane close proximity flight 
condition [41]. The vehicles float using a thin air film of 60 µm over a very flat floor, reproducing 
a nearly frictionless environment as shown by Figure 1-19a. Finally a planar air-bearing 
microgravity emulator was constructed recently in the Space Research Centre PAS (PL) consisting 
of a flat and precisely levelled granite table where a satellite mock-up with 2-DoF planar 
manipulator is placed, Figure 1-19b, [141].  
Although the approach of air-bearing facilities can emulate a zero gravity environment 
accurately, planar emulators have the disadvantage of not being able to emulate 3-D effects. This 
allows the researchers to test and validate results in zero-G conditions only in a 2-D space, which 
includes one rotational and two DOFs. More DOFs of maneuvering may be added by suspending 
the tested object with a multi-DOF mechanism but more massive support hardware has to be added 
and thus the dynamics properties of the test system would be altered. Despite this, planar emulators 
using air-bearings are perhaps the most versatile and less expensive method in comparison to other 
ones, and allow for repeated and thorough testing of control algorithms, verification of dynamics, 
rendezvous maneuvering and construction techniques. More can be found in [138]. 
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(a) (b) 
Figure 1-19. (a) The air bearing facility of Thales Alenia Space and (b) The Space Research Centre (PAS) 
space robot emulator. 
Neutral buoyancy facilities 
Another technology for simulating reduced gravity is to use a water pool to achieve neutral 
buoyancy, so that the submerged body has an equal tendency to float as it would in space. Neutral 
buoyancy is a condition in which a physical body's average density is equal to the density of the 
fluid in which it is immersed. Neutral buoyancy tanks are used extensively in training astronauts in 
preparation for working in the microgravity environment of space. 
At the Space Systems Laboratory of the University of Maryland, a neutral buoyancy tank is 
used to evaluate the performance of prototype space robots named the Ranger Neutral Buoyancy 
Vehicle. The Ranger Telerobotic Shuttle Experiment, shown in Figure 1-20, is a low-cost 
demonstration of highly dexterous robotics for on-orbit operations. The Ranger robot consists of 
two dexterous manipulators with interchangeable end effectors, a positioning manipulator for a 
stereo camera pair, and a positioning leg attached to a Spacelab pallet, [1]. 
 
Figure 1-20. The Ranger Neutral Buoyancy Vehicle developed at the University of Maryland. 
This method has the advantage that an experiment can be carried out in a 6-DOF space 
without time constraints. However, the existence of water resistance/drag force hampers the 
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realism of the simulation, thus making this approach more suitable for training astronauts in zero 
gravity slow motions. Moreover, all the tested hardware units must be made waterproof, which 
means that the real space hardware cannot be tested as is. 
Hardware in the loop (HIL) facilities 
The combination of hardware experiment and numerical simulation is an attractive approach for 
verification of space robots performing complicated contact tasks like capturing and docking. 
Since the technology involves both hardware test and software simulation, it is called Hardware-in-
the-Loop (HIL) simulation or hybrid simulation. The hardware experiment utilizes the same 
hardware model used in actual orbital operation under the artificially created micro-gravity 
environment created by a computer software 
The MIT’s FSRL implemented a dual-robot HIL simulation system named Vehicle 
Emulation System (VES) and VES II [24] which consists of a PUMA manipulator mounted on a 
Stewart platform to simulate the base spacecraft motion, see Figure 1-21a. On the other hand The 
CSA developed a sophisticated HIL simulation system called STVF (SPDM Task Verification 
Facility), as shown in Figure 1-21b, to simulate the dynamic behavior of the SPDM performing 
maintenance on the ISS. The simulation facility has been accepted as the formal verification tool 
for the SPDM. [98]. Also the Naval Research Laboratory (NRL) has developed the Proximity 
Operations Test-bed which allows the full-scale simulation of two satellites operating with six 
degrees of freedom in close proximity to each other and accurately simulates orbital dynamics and 
thruster effects during rendezvous and docking [89]. In the same time, the DLR recently developed 
a dual-robot HIL simulation system called European Proximity Operations Simulator (EPOS) [97]. 
The facility comprises a hardware-in-the-loop simulator based on two KUKA industrial robots, one 
of which behaves as a servicing satellite and the other as a target satellite. 
  
(a) (b) 
Figure 1-21. The VES II with a PUMA 560 Manipulator developed at FSRL and (b) The SPDM Task 
Verification Facility. 
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HIL simulation is capable of testing complex space systems and complicated robotic tasks 
but it also suffers some drawbacks. First, since the system is driven by simulation, the 
mathematical model of the spacecraft or space robot has to be accurate and the simulation must be 
performed in real time for interacting with hardware. Second, the hardware part of the system must 
have sufficient bandwidth and proper impedance, so that the active hardware system can produce 
dynamic behavior close enough to the real space robot. Finally, the system has to be able to deal 
with the inevitable time delay from a hardware contact to the corresponding simulation-driven 
reaction at the tip of the facility robot (not the immediate and passive reaction of the facility robot) 
which is an issue of on-going research, e.g. [117]. 
Force Compensation Facilities 
To emulate the zero-g environment of a space manipulator, the gravity force can be compensated 
by a suspension system or a balancing mechanism. Such a system generates compensating forces 
of the same amplitude but in the opposite direction as the gravity force of the tested robot. At the 
Robotics Institute of Carnegie Mellon University, Brown and Dolan suspended a robot with a cable 
from an electromechanical system that passively generates a vertical mechanical counterbalance 
force while tracking the robot’s horizontal motion actively or passively to minimize horizontal 
disturbances [13]. Moreover, White and Xu, [161] developed an active gravity compensation 
system which utilizes light weight cables passing through several pulleys before terminating in the 
counter-weight that has the same effective mass as the simulated robot. At CISAS, Menon et al., 
[104] suspended the base of a robot employing an inextensible cable fixed in the vertical projection 
of its center of mass, while the arm links are suspended by springs. The force compensation 
systems have the advantage that they allow for simulating space motion in 3-D. However, due to 
the static balancing of the gravity force, the system cannot preserve the true microgravity dynamics 
of a space manipulator as it would experience in the space. In addition, the suspension cables, 
apply extra tensions to the tested robot in non-vertical directions, since they are not perfectly 
vertical during the test. Thus, the multi-DOF dynamic behavior of the tested space robot can be 
significantly altered. These are the main drawbacks of this technology. 
Other Testing Facilities 
Other approaches are the Parabolic Flight, [61], and the Free Fall (Drop Towers), [75]. However, 
these reduced gravity simulation technologies suffer several obvious drawbacks such as short time 
duration of microgravity or reduced-gravity condition, limited workspace due to the small volume 
inside an aircraft, and non-smooth or jittering working environment due to the aircraft dynamic 
motion. Furthermore, in the free fall approach, the time interval of zero-G conditions using this 
method is even less than the parabolic flight and, if it is not performed very carefully, the robot can 
be easily damaged. Therefore, this technology is not very suitable for testing robotic operations. 
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1.5 Generic Scenario in this Work 
A common scenario for a Space Robotic System (SRS) is its use in OOS operations. These include 
among other, the docking with another satellite or the capture of space debris. From now on, a SRS 
shall be considered as a Chaser satellite (“Chaser”). The Target satellite or the space debris shall be 
considered as “Target”. In case the Target is a satellite, it shall be with or without a latching point. 
The Chaser is on orbit and after the required rendez-vous and approach maneuvres (not part 
of this work), it is in the vicinity of the Target. The Chaser subsystems include all the necessary 
subsystems for a satellite, therefore all navigation parameters are available (the Chaser has the 
knowledge of the attachment point on the Target to interact with) and it has actuators (thrusters and 
reaction wheels) to translate and rotate according to the commands of the controller. Finally it has 
a manipulator with “n” links mounted on the satellite base (together with the base the satellite is a 
“(n+1)-body” multibody system). The final link can have a probe attached on the tip of the link (in 
other words the final link includes in its body the probe). Alternatively, instead of a probe, a 
capture mechanism can be used. The Target on the other hand is in general an uncooperative 
object. This can be a mechanical system which may or may not have a latching mechanism on a 
specific point (known a priori to the Chaser) or there is a prefered point for capturing. 
Therefore the concept is that the Chaser appropriately gains a particular configuration to hit 
with the probe the latching mechanism or the point for capture, in order to achieve a controlled 
impact. Either the capture occurs, or the Chaser and the Target remain very close for a new 
capturing effort. It is very important to minimize the reaction forces at the joints and the main body 
of the Chaser, and also to minimize the post impact tendency of both systems to separate. 
The questions that this work tries to answer are:  
(a) What is the optimal way to model impacts in space? What is the extent of the 
applicability of this model? 
(b) How does the mass and stiffness characteristics of the systems under impact affect the 
impact in a gravity-free (zero gravity) environment? 
(c) Is it possible to design and control an effective approach of a Chaser to a Target, taking 
into account possible unwanted and/or inevitable impacts? 
1.6 Original Contributions of This Work 
The main contributions of this work are: 
1. The introduction of a novel viscoplastic model which shows very good correlation with 
experimental results found in the literature. This model can describe a larger number of 
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interactions that occur in robotics compared to the usual viscoelastic models. The model is 
generalized to impacts that occur not only in space but also in terrestrial applications. 
Complex impact phenomena (like recompressions) are more accurately depicted using this 
model. 
2. The introduction of a parameter named Coefficient of Permanent Deformation which 
describes the deformations that can occur on a viscoplastic material during impacts, taking 
into account complex behaviours like compaction and cratering. Using this coefficient a 
more precise behaviour of the materials during impacts can be described. 
3. The quantification using an analytical proof of the effect of mass ratios during impact of 
multibody systems. This resulted to a better understanding on the behaviour of multibody 
systems in zero-gravity during impacts. 
4. The introduction of the Ratio of Effective Masses which can efficiently describe the 
behaviour of multibody systems under impact, taking into account the ratio of all masses 
during any impact. By using this term, a fast but accurate way to assess the post-impact 
relative velocity knowing only the pre-impact relative velocity is presented. Additonally 
using ths ratio, it can be determined whether the impact of two systems can lead to a 
further approach or separation. 
5. The application of the Center of Percussion in 3-D. Although the planar applications of 2-
D was known in simple mechanical systems, in this work it is generalized in the 3-D case 
(spherical joints) in order to examine under which conditions it is applicable. It is shown 
that one can analyse the Center of Percussion in 3-D in the same way as in 2-D (plane), if 
and only if some specific characteristics of the body under impact apply.  
6. The sensitivity analysis in a non-dimensional fashion of the impacts by using the Center of 
Percussion theory. More specifically, the effects of inaccuracies under impact using the 
Center of Percussion theory are presented and methods are proposed for their mitigation 
during the design of the mechanical part of a manipulator and/or its controller. 
7. The introduction of the Impact Compensation using the Center of Percussion (IC2) 
controller which takes advantage of the Center of Percussion theory in order to reduce 
(theoretically to eliminate) reaction forces on manipulator joints. Using this controller 
during impacts in coordination with other control schemes, it is possible to minimize the 
effects of unwanted impacts while on the same time the tendency to separate the systems 
under impact is reduced. 
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1.7 Thesis Summary 
This thesis consists of six chapters. The first chapter is an introductory one, which includes the 
motivation and the contribution of this work, as well as the literature review. The second chapter 
presents theoretical elements necessary for the understanding of the rest of this work. 
In the third chapter, an analysis of the simulation of impacts is presented. The main 
limitations of the current viscoelastic models in describing generally the impact between compliant 
and non-compliant bodies are discussed. A novel viscoplastic model is presented which shows 
very good correlation with experimental results found in the literature. More importantly the 
generalization of this model to impacts that occur not only in space but also in terrestrial 
applications, shows that this model has potentials even in terrestrial robotic applications. 
Simulations and examples are presented which prove this statement. 
In the fourth chapter, the standard approach during modeling of impact docking is 
presented. It is shown that this approach lacks on accounting the effects of inertia and stiffness of 
the system of masses that come into contact. A more generalized approach in modeling this free-
floating impact by using computationally fast methods stemming from the rigid-body theory is 
developed. As the space systems lack in computational speed compared to terrestrial systems and 
on the same time impacts are very fast events, developing such a method is advantageous. 
Additionally such a method could be beneficial for future controllers during their use at impact 
events. One important result here is that the effect of the mass ratio of the multibody systems under 
impact is quantified. 
In the fifth chapter, the fact that a robotic servicer can be subjected to impacts during the 
capturing of a free-flying object, which may separate it from the object or damage crucial 
subsystems is presented. The reactions however can be minimized using the Center of Percussion 
concept. After a brief introduction of the two- and three-dimensional cases, the performance of a 
robot under impact is assessed exploiting the Center of Percussion. The effects of parametric 
sensitivity on the joint reactions at a manipulator are examined. Α control method to compensate 
for the reaction forces is proposed. Implementation guidelines are discussed. Simulations of a 
planar space robot and a 3-D space robot validate the analysis. 
In the sixth chapter, the conclusions and propositions for future work are presented.  
This thesis is accompanied by a DVD in which the full text of the thesis is included, as well 
as the files needed to reproduce the simulation results. 
The main parts of this thesis have been published in international refereed conference 
proceedings ([123], [127] and [154]), international abstract refereed conference proceedings ([36], 
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[88], [100], [126] and [156]), a book chapter ([122]), a journal publication ([128]), while two 
journal papers are under review ([20] and [155]).  
Under the Heracleitus II program the following conference and journal papers have been 
published ([36], [88], [100], [122], [123], [126], [127], [128] and [154]) or is under review ([155]). 
Finally, under the same program, the author has co-advised a number of Diploma and Master 
Theses, [3], [87], [99], [124], [129] and [153].  
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2 Elements on Impact Theory 
2.1 Introduction 
In this chapter a brief presentation on some advanced concepts of impact theory is shown. These 
concepts are necessary for the understanding of the rest of the work, like the rigid body impact 
theory, the description of impacts on viscoelastic materials and the description of impacts as a 
sinusoidal motion; the calculation of material parameters during impacts is also presented. Finally 
the description of the motion of a system of two floating masses is shown, in order to examine the 
effects of an impact on such a system. 
2.2 Different Descriptions on Impact Mechanics 
2.2.1 Introduction 
Impact according to Stronge is a process which [145]: 
“…involves the fact that the surfaces of two colliding bodies come together with some relative 
velocity at an initial instant termed incidence. After the incidence there would be interference or 
interpenetration of the bodies were it not for the interface pressure that arises in a small area of 
contact between the two bodies. At each instant during the contact period, the pressure in the 
contact area results in local deformation and consequent indentation; this indentation equals the 
interference that would exist if the bodies were not deformed.” 
During impact, the interference forces act towards both bodies at an opposite direction, as a 
result of the principle of action and reaction. In general any impact occurs in two phases: Initially, 
the relative speed between the bodies under impact is reduced, and interpenetration occurs. The 
interference forces are increased and there is internal energy in the bodies which is stored. This 
phase is named compression. At some instance the relative speed is zeroed and the interpenetration 
is stopped. Then the next phase starts, in which the two bodies tend to separate. The interference 
forces are reduced, and the same occurs with the internal energy. The indentation is decreased and 
the relative speed of the bodies is increased but this time in the opposite direction. This phase is 
termed restitution. Impact is finished when the two bodies are separated. Naturally there are cases 
where the deformation is so extensive that a plastic impact occurs: therefore the bodies under 
impact may not separate. Therefore in principle it is more correct to define as the end of the 
impact, the moment when the interface force is stabilized (e.g. when a ball falls on the ground, it 
may rebound – therefore the interface force is zeroed as it moves away from the ground, until some 
later moment is stays on the ground – and the interface force shall be stable due to gravity). 
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In other words the impact is a special situation in dynamics where relatively large energy is 
exchanged between bodies in very short time duration. As such it has fast dynamics and the 
duration time is usually under a second, even some hundreds of milliseconds or lower, depending 
on various factors like initial impact velocity, materials etc. 
2.2.2 Assumptions 
The analysis of an impact is always associated with some assumptions, which depend on the 
bodies under impact and the mathematical modeling of the impact. The assumptions depend on the 
exact impact theory that is used. In this work some globally accepted assumptions are applied: 
a) No (considerable) plastic deformations / No plastic yield. The contact area between the 
bodies under impact remains small in comparison to other dimensions, which eliminates 
the requirement to examine the cases of large plastic deformations which could affect 
substantially body parameters such as its Center of Mass (CoM). This assumption is basic 
in rigid body impacts. Additionally, the relative velocities between the bodies under 
impact are well below the relative speeds required to initiate plastic yield, [145]. Note 
however that this assumption is dropped in Sec. 3, in order to describe impacts in a wider 
sense. 
b) External forces during impact are insignificant. Impact forces are very high and for short 
duration, therefore the impulse of external forces like gravity and solar pressure, is 
negligible. Therefore these external forces are omitted. 
c) In-Body flexibilities are not considered, therefore the analysis has to do only with rigid 
bodies. This eliminates the requirement to examine higher modes of each body during 
oscillations. Note that this is not refered to the flexibility between two bodies, but to the 
way a body is modelled, e.g. a manipulator link is considered as a rigid body and not as a 
Timoshenko beam. 
d) Systems “fixed” in position during impact. Due to the short duration of the impact, it is 
assumed that there is no considerable change in the system configuration, i.e. the rotations 
of the joints during the impact are negligible. This applies also in the zero-g environment 
even if there is no fixed base, because each joint appears as fixed in a position in space 
during impact due to the inertia of the system bodies (“quasi-static”). Note that during 
simulations using a viscoelastic or viscoplastic impact, the interpenetration of systems is 
used to determine the interaction forces, however this assumption has to do with the 
overall configuration. 
Some of these assumptions are typical when dealing with impact models. No other 
requirement is set for the exact impact model or the coefficient of restitution. Manipulator 
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workspace and singularity issues are out of the scope of this work. For the duration of both the 
impact and the simulations in this work, orbital mechanics effects are also negligible. 
2.2.3 Rigid body impacts 
This theory is basic when dealing with impacts and its theoretical foundations have been 
extensively presented in the literature, i.e. [12], [39] and [145]. It is based on the principle of 
translational momentum (in case of planar impacts this extends also to the angular momentum – 
however in this section the analysis shall be focused on one-dimensional impacts). This theory can 
produce reliable results in a large class of impacts between rigid bodies, however as the 
compliance characteristics of the impact interfaces prevail, its validity is compromised. One of the 
main advantages of the rigid body theory is that the results can be produced with relatively simple 
algebraic computation. 
Many researchers tried to extend the rigid body theory; one of the most seminal works is 
attributed to Stronge [145]. To this end, there shall be a brief analysis of the rigid body theory on 
the frame of Stronge’s theory, known also as collinear impact of two rigid bodies separated by an 
infinitesimal deformable particle. 
According to this, let two colliding bodies come into contact in a direct collision, Figure 
2-1. Instead of assuming a small deformation of both bodies during the interpenetration, suppose 
there is a small massless infinitesimal deformable particle between the bodies that represents the 
small local deformation of the contact region. Each body will suffer a force F  of different 
direction but of the same magnitude. 
 
Figure 2-1. Rigid body theory concept. 
According to the definition of an impulse 
 
dp=F ⋅dt
d ′p = ′F ⋅dt   (1) 
V′V Vc
F− ′F
B′B
− ′F ′F
−F
F
Common Tangential Plane
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where p, ′p  are the impulses developed at bodies B  and ′B  respectively, and F, ′F  is the 
interpenetration force at bodies B  and ′B  respectively. Due to the equation of motion it is known 
that 
 
M ⋅dV = dp
′M ⋅d ′V = d ′p   (2) 
where M , ′M  is the mass of bodies B  and ′B  respectively, and V , ′V  is the their respective 
absolute velocities. One can set as the relative velocity υ  of the bodies as 
 υ =V − ′V   (3) 
Due to the assumption of a massless deformable particle, the reaction impulses acting on either 
side of the particle are equal in magnitude, but with different direction. Thus the following applies 
 dp=−d ′p   (4) 
Therefore 
 
υ =V − ′V ⇒dυ = dV −d ′V ⇒
⇒dυ = dpM −
d ′p
′M ⇒dυ =
1
M +
1
′M
⎛
⎝
⎞
⎠ ⋅dp⇒
⇒dυ = µ−1 ⋅dp
  (5) 
where µ  is the effective mass of M , ′M , see also Appendix A Appendix A. If initial 
conditions apply for the relative velocity (i.e. υ 0( )=υ0  is known) one can find 
 υ =υ0 +µ
−1 ⋅ p   (6) 
Note that it is implied that 
 υ0 <0⇒V 0( )< ′V 0( )   (7) 
otherwise no impact occurs. From (6) one can see that the knowledge of the impulse at any time, 
can provide with the velocity at that instant. Note that the terms pc  for the normal impulse of 
compression, and pf  for the final impulse after restitution has been completed, are used. 
In the rigid body theory, it is critical to note that the maximum force is achieved 
simultaneously with the maximum compression. This is not true for the viscoelastic theory (the 
maximum force, as it will be seen in general it precedes the maximum compression), however the 
faster the visco-elastic event is (that is the magnitude of the stiffness is higher), the better such an 
approximation applies. If one plots the interpenetration force versus the time, Figure 2-2a is 
constructed. The normal force is always compressive, therefore the impulse is monotonically 
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increasing up to tc , where the compression phases ends, Figure 2-2b. For this reason in rigid body 
theory the normal impulse can replace the impact time, as the independent variable. 
 
Figure 2-2. Force vs time and impulse vs time for rigid body impact. 
It is also interesting to examine what happens to the velocity of each colliding body. Indeed 
from (2) 
 
V =V0 +M −1 ⋅ p
′V = ′V0 + ′M −1 ⋅ p
 (8) 
As it has been discussed, except at an ideal situation and extremely low velocities, there is 
always loss of energy, due to the dissipation via elastic vibrations, plastic deformations or rate-
dependent processes. In other words in the end of the impact, only a part of the total kinetic energy 
is recovered. To model this, a unitless number is used, the coefficient of restitution, which takes 
values between 0 and 1, the former corresponding to the case of a complete plastic impact, and the 
latter to the case of the perfect elastic impact. Some researchers accept negative values up to -1, 
like Brach [12], in order to describe penetration, however this case is of no interest here. 
There are three definitions for the coefficient of restitution. The first is based on the work of 
Newton, and is called the kinematic coefficient of restitution 
 e* =−
υ f
υ0
  (9) 
The second due to Poisson and is called the kinetic coefficient of restitution  
 e* =
pf − pc
pc
  (10) 
Both descriptions are equivalent if the impact is direct between rough bodies and the direction of 
slip (i.e. the existence of tangential component of relative velocity between the bodies under 
impact) is constant. However both definitions create negative results, in case there is slip reversal 
during impact. For this reason, Stronge proposed the energetic coefficient of restitution 
F(t)
Fc
tc t f
pc
pf − pc
t
e* = 10 < e* <1
tc t f t
p(t)
pf
pc
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 e*2 =−
Wn pf( )−Wn pc( )
Wn pc( )
  (11) 
that is the square of the coefficient of restitution is the negative ratio of the elastic strain energy 
released during restitution to the internal energy of deformation absorbed during compression. 
Note however that all three definitions are equivalent unless the bodies are rough, the configuration 
is eccentric and the direction of slip varies during collision. 
2.2.4  Impacts with compliant bodies 
According to the viscoelastic theory, a compliant surface under impact can be modeled by a 
combination of lumped parameter elements, i.e. by springs and dampers. Common impact models 
include the Kelvin-Voigt (KV) and the Hunt-Crossley (HC) models, [38]. The interaction force Fg  
using the Kelvin-Voigt model is  
 
 
Fg yg , !yg( ) = kg ⋅ yg + bg ⋅ !yg   (12) 
where kg  and bg  are the stiffness and damping coefficients respectively, Figure 2-3. 
 
 
(a) (b) 
Figure 2-3. Viscoelastic description of impacts. 
As the KV model introduces non-physical nonlinearities such as non-zero forces at the 
beginning or the end of an impact due to the non-zero velocity when the bodies under impact 
separate, the HC model, which is free of these, will be used as a reference. Additionally, it is the 
basis for many interesting viscoelastic models used in the literature. According to the HC model, 
the interaction force Fg  is, 
 
 
Fg yg , !yg( ) = kg + bg ⋅ !yg( ) ⋅ ygn   (13) 
yg
yg kg
bg
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where kg  and bg  are the stiffness and damping coefficients respectively, n  in the case of Hertzian 
non-adhesive contact is equal to 1.5, and yg  is the depth of interpenetration. The parameter kg  
represents the equivalent stiffness between the materials that come into contact, [115]. Damping is 
considered as a parameter related to the equivalent stiffness according to [85], 
 bg = 1.5 ⋅ca ⋅ kg   (14) 
where ca  is usually between 0.01-0.5 depending on the materials and the impact velocity, [102]. 
Without affecting the generality of the results, in this work ca = 0.2  is used wherever numerical 
results are required. 
2.2.5 Impact as a Sinusoidal Motion 
In many cases it is useful to model the impacts as a part of a sinusoidal motion. More specifically, 
it is reminded that an impact has two phases, compression and restitution. These phases can be 
modeled as the half-period of a sinusoidal motion, and the smaller the duration of impact is, the 
better this approach becomes. In fact, for impacts of duration less than 1 s, this approximation 
yields very good results, as it can also incorporate the effects of energy losses – note however that 
in so small durations, this effect is generally negligible, Figure 2-4. 
 
Figure 2-4. Approximation of an impact as a sinusoidal function. 
Let ki  be the fictious spring between the bodies under impact. The impulse profile can be 
approximated as the semi-period of a high frequency oscillatory motion, with characteristics 
depending on the properties of the impact bodies. More specifically, the duration is the half period 
of this oscillatory motion, that is the “impact motion” exists at 
 0≤ t ≤ Ti2 with ti =
Ti
2   (15) 
and 
Fmax Fimp
t
F
Timp 2
Approximation
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 ti =
Ti
2 =
2⋅π
2⋅ω i
=π ⋅ µiki
  (16) 
where µi  is the effective mass of the bodies under impact. Using also [145] one can find that the 
total impulse is 
 pi = pf = 1+e*( )⋅Urel ,i− ⋅µi   (17) 
where Urel ,i−  is the relative velocity between the bodies under impact prior to impact and e*  the 
coefficient of restitution between these bodies. 
In order to prove (17) the following analysis is used. Initially the bodies under impact have 
relative velocity Urel ,i− , the compression phase ends at Ti 4  when the masses have zeroed their 
relative velocity. The restitution phase starts at that moment and ends at Ti 2 . The maximum 
force occurs at Ti 4 . Note that if a non-linear viscoelastic impact is assumed, the maximum force 
may occur some moments before the simple sinusoidal assumption, however, due to the large 
contact stiffness between the materials the impact duration is of the magnitude of some ms or less. 
Thus with very good approximation, this sinusoidal assumption is valid, and the possibility of 
energy losses are covered by the use of the coefficient of restitution, e* . The impulse until the end 
of compression can be evaluated by 
 pc = µi ⋅Urel ,i−   (18) 
or by 
 pc = Fmax ⋅sin ω i ⋅t( )0tc∫ dt = Fmax ⋅sin ω i ⋅t( )0π 2⋅ωi∫ dt =
Fmax
ω i
  (19) 
so equating (18) and (19) one finds 
 Fmax = µi ⋅Urel ,i− ⋅ω i =Urel ,i− ⋅ ki ⋅µi   (20) 
By using the coefficient of restitution e*  one can find, that the impulse at separation pf  is 
 pf = pc 1+e*( )   (21) 
and (17) has been proven. Finally using the abovementioned assumptions, one can easily set as a 
description for the force Fimp  during impact the following 
 Fimp =Fmax ⋅sin ω i ⋅t( )   (22) 
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2.2.6 Calculation of Material Parameters During Impact 
To describe the impact between rigid bodies using models that include fictitious springs and 
dampers, a method must exist to compute appropriate values for the fictitious elements. To this 
end, a brief analysis on how these fictitious values are calculated in this work follows. 
The stiffness between two bodies under impact can be determined by the following 
equations which take into consideration the hertzian contact theory, the Young’s Modulus and 
Poisson’ s Ratio of the materials and the geometry of the contact area; a smooth contact area which 
increases from zero to ellipse with increasing load is also assumed, [85]. 
The Equivalent Young’s Modulus E  for the two bodies under impact is 
 
1
E =
1−ν12
E1
+ 1−ν2
2
E2
  (23)  
where Ei ,ν i  with i = 1,2  are the Young’s Modulus in MPa  (N mm2 ) and Poisson’ s Ratio of 
each body under impact, respectively. In the Hertzian theory, it is assumed that the area near the 
contact point has a circular shape defined by the Equivalent Radius given by [85], 
 
1
R =
1
R1
+ 1R2
  (24) 
with Ri  with i = 1,2  the radius of each part under contact, see also Figure 2-3b. 
The stiffness of the fictitious “impact spring” is given by 
 ki =
16 ⋅R ⋅E2
9
⎛
⎝⎜
⎞
⎠⎟
1
2
  (25) 
where the final value is in N mm . For example for two bodies of titanium (E = 116GPa  and 
ν = 0.32 ) with radius 20mm it can be found that ki ≈ 220 kN mm . Note however that other 
theories may apply, as long as the results are consistent with experimental data and reality. 
The damping is not so easily determined as many factors must be considered. One safe 
approach is to find the Critical Damping for a case of interest, and then define a percentage of this 
value, according to the environmental characteristics. For example in space, the contact between 
two metallic bodies has a relative small “fictitious damper” which can be set to 1-10% of the 
Critical Damping. The Critical Damping is calculated by  
 bi,cr = 2 ⋅ mi ⋅ ki   (26) 
where mi ,ki  are the effective mass and the fictitious stiffness of the bodies under impact.  
PhD Thesis  Capturing of Orbital Space Systems by Robots  Iosif S. Paraskevas 
CSL 64 NTUA - 2015 
If one prefers another model for calculating the stiffness, one can find in the literature 
interesting works such as [165]. The preference of one model over another, stems clearly from the 
assumptions taken; the only requirement is that the calculated stiffness is reasonable according to 
the literature. In Table 2-1 relevant properties for a number of materials are displayed. 
Table 2-1. Characteristics of some materials using values from [58]. 
Material Elastic Modulus (GPa) Poisson’s Ratio 
Aluminum Alloy 70-79 0.33 
Steel 90-210 0.27-0.3 
Titanium Alloy 10-120 0.33 
Rubber 0.0007 – 0.004 0.45-0.5 
 
2.3 System of two floating masses 
2.3.1 Mathematical Description 
For the analysis of the impacts, the system of two coupled masses is necessary. The system of the 
two masses is connected by a flexible element and both masses are free to move with respect to the 
Inertia (or World) Coordinate System CS{I}. It is more convenient to study the system based on 
the Body Coordinate System, CS{B}, which has its origin at the CoM of the system. Therefore it is 
necessary to define all parameters of motion both in CS{I} and CS{B}. Using Figure 2-5, it can be 
seen that the motions of the masses are superpositions of both: i) the motion of the CoM of the 
system d  and ii) the elongation of the spring u . Note that the definitions of this section can be 
used even if there is a damper, therefore everywhere the term “spring” is used, “damper” also 
applies (and of course their combination). 
Consider initially that the system is at rest, therefore the spring is at its free length lo  (state I), 
 lo = I x2o − I x1o = Bx2o − Bx1o   (27) 
where I xio , i=1,2 are the initial coordinates of the CoM of m1  and m2  from the origin of the 
CS{I} and Bxio , i=1,2 are the initial coordinates of the CoM of m1  and m2  from the origin of the 
CS{B}. 
Let an impact force F  act on mass, m1 , towards the direction of positive x-axis. If the 
masses were rigidly connected (state II), then the CoMs of the two connected masses would 
translate by the same distance d . This is also true about the CoM of the system. However due to 
the flexibility of the system, both masses perform an oscillatory motion around the CoM. 
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Figure 2-5. System of two masses – (I) System at rest, (II) System configuration if the stiffness were infinite 
(ridid mass) after time t , and (III) System configuration after time t . 
As the initial coupled system moves, d  is the distance covered by the CoM of the system at 
time t , with respect to CS{I}, and a1  and a2  are displacements that characterize the oscillations 
of masses m1  and m2  around an initial position at to = 0  with respect to the CS{B}. At time 
instant t , the actual distance of the CoM of the two coupled masses is 
 l = I x2 − I x1 = Bx2 − Bx1   (28) 
where I xi , i=1,2 are the distances of the CoM of m1  and m2  from the origin of the CS{I} at time 
instant t  and Bxi , i=1,2 are the distances of the CoM of m1  and m2  from the origin of the CS{B} 
at time instant t . Therefore the elongation of the spring at time t  is (where the superscript is 
omitted because it is the same for both CSs) 
 u = lo − l   (29) 
When u >0  the spring is compressed and when u <0  the spring is extended. The position of the 
CoM of the system is defined for the CS{I} and CS{B} as I xcm  and Bxcm  accordingly 
 I xcm =
m1 ⋅ I x1+m2 ⋅ I x2
m1+m2
  (30) 
m1 m2
a1 a2
lo
l
(I )
(II )
(III )
F
Bx1o
Bx2o
Bx2
Bx1
CS{I} CS{B}
d
d
d
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 Bxcm =
m1 ⋅ Bx1+m2 ⋅ Bx2
m1+m2
  (31) 
However as Bxcm  is the origin of CS{B}, 
 Bxcm = 0   (32) 
In virtue of (31) and (32) it can be found that 
 m1 ⋅ Bx1+m2 ⋅ Bx2 = 0⇒ Bx1 =−
m2
m1
⋅ Bx2   (33) 
Using (28) and (33) 
 l = Bx2 − Bx1 = Bx2 ⋅ 1+
m2
m1
⎛
⎝⎜
⎞
⎠⎟
⇒ Bx2 =
m1
m1+m2
⋅l   (34) 
 Bx1 =−
m2
m1+m2
⋅l   (35) 
Equations (34) and (35) prove that the distance of the coupled masses and their relative 
masses are connected. This is necessary in order to find how much the oscillatory motion of each 
mass affects the total displacement in each instant. Using (34) and (35) for both the free length of 
the spring and its length at an arbitrary instant after the impact, the amplitude of the oscillatory 
motion of coupled masses a1  and a2  are 
 a1 = Bx1o − Bx1 =−
m2
m1+m2
⋅ lo − l( )=−
m2
m1+m2
⋅u   (36) 
 a2 = Bx2o − Bx2 =
m1
m1+m2
⋅ lo − l( )=
m1
m1+m2
⋅u   (37) 
This proves that the total elongation of the spring of the coupled system depends on the 
relative masses of the coupled masses. The different sign of Eqs. (36) and (37) shows that their 
direction with respect to the CS{B} is opposite, or in other words, as the spring extends the masses 
move away from each other and the opposite when the spring is compressed, which is reasonable. 
Finally graphically from Figure 2-5 one can find 
 I xcm = I x1− Bx1   (38) 
 I xcm = I x2 − Bx2   (39) 
2.3.2 Impact of the system of two masses 
The following theory is based on [39] and [78]. Consider again the system of Figure 2-5 and 
assume there is only a single spring between the masses. Let again an impact force, F , which acts 
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on m1 . We seek to find the parameters of the sinusoidal motion of the spring elongation. As the 
impact occurs at m1 , the impulse moves the CoM of the whole system, but on the same time, due 
to the compliance between the two masses, an oscillation of the coupled system around the CoM of 
the system initiates, with elongation u  given by  
 u(t)=umax ⋅sin ω 0 ⋅t +ϕ( )   (40) 
where umax  is the amplitude of the elongation, ω 0  is the natural frequency of the system and ϕ  is 
the phase angle. As it is already known, for such a system two values are defined, the effective 
mass 
 µ = m1 ⋅m2m1+m2
  (41) 
and the natural frequency 
 ω 0 =
k
µ
  (42) 
where k  is the spring stiffness. Assume that the velocity of both masses is initially zero. When an 
impact occurs, the impulse P  acting on m1  results in a velocity 
 υ1 =
P
m1
  (43) 
but also a velocity to the CoM of the system 
 υ = Pm1+m2
  (44) 
In fact the kinetic energy due to the motion of m1  at the beginning is 
 Ek1 =
P2
2⋅m1
  (45) 
and the kinetic energy due to the motion of the whole system 
 Ek =
P2
2⋅ m1+m2( )
  (46) 
The difference between Eq. (45) and (46) is the energy which is responsible for the oscillatory 
motion of the spring and eventually the two masses separately. This energy is 
 E =Ek1−Ek =
P2
2 ⋅
1
m1
− 1m1+m2
⎛
⎝⎜
⎞
⎠⎟
= P
2
2 ⋅
µ
m12
= µm1
⋅Ek1   (47) 
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Naturally when the elongation is maximum, the velocity of each of the masses (note, not the 
total mass) is zero. That is all this kinetic energy has been transformed into potential energy EU  
which is defined as  
 EU =
1
2 ⋅k ⋅umax
2   (48) 
then using (47) one can find 
 
1
2 ⋅k ⋅umax
2 = P
2
2 ⋅
µ
m12
⇔umax =
P
m1
⋅ k
µ
  (49) 
which by using (42) it becomes 
 umax =
P
m1 ⋅ω 0
  (50) 
In case a damper is included, the abovementioned equations change appropriately. For this 
reason the theory of [142] is used. Using a damper, the elastic energy is reduced, which means that 
the elongation gradually vanishes. It is important however to consider whether the system will be 
overdamped (or critically damped) or underdamped. In the case of the underdamped system, the 
maximum displacement at peak “i” is 
 umax(i ) =umax ⋅ 1−ζ 2 ⋅e−ζ ⋅ω0⋅ti   (51) 
Where ζ  is the damping factor defined by 
 ζ = bBc
  (52) 
with b  the damping coefficient and Bc  the critical damping coefficient equal to 
 Bc = 2 k µ   (53) 
The damped periodic time expresses the time between two succesive peaks and is defined as 
 τ d =
2⋅π
ω d
  (54) 
where the damped natural frequency is 
 ω d =ω 0 ⋅ 1−ζ 2   (55) 
As it will be clear in Sec. 4.4 the time ti =τ d 4  is of interest. Therefore using also Eq. (50), 
(51), (54) and (55) one can find that in the underdamped case, the maximum elongation after the 
first impact is  
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 umax(d ) =
P
m1 ⋅ω 0
⋅ 1−ζ 2 ⋅e
−ζ ⋅π
2⋅ 1−ζ 2 = Pm1 ⋅ω 0
⋅D   (56) 
where 
 D= 1−ζ 2 ⋅e
−ζ ⋅π
2⋅ 1−ζ 2   (57) 
Apparently, as the damping factor is increased, the maximum elongation is reduced. 
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3  Viscoplastic Impact Modelling 
3.1 Introduction 
The interest in this chapter is on how to model impacts in space, using a method which shall 
describe the interaction between different materials, compliant and non-compliant, retaining a high 
level of fidelity. The answer to this question is important, because a well-established model is 
necessary for the accurate representation of impacts on simulations. As in Sec. 1.4.1 has been 
already explained, the impacts can be modelled via three methods: the stereomechanical theory 
method, the Finite Element Method (FEM) and the compliant/viscoelastic approach. Each method 
has its pros and cons but the use of the viscoelastic methd seems more appropriate, as the impact 
between different materials can be described by lumped parameter models with suitable 
characteristics, [145]. There are various models in the literature with more prominent the Hunt-
Crossley (HC) model, [76]; in fact the majority of the viscoelastic models use the HC model as a 
basis and will be also the basis for this work; however this is just a matter of choice. The HC 
model of Sec. 2.2.4, is repeated here. It is reminded that the interaction force Fg  is, 
 
 
Fg yg , !yg( ) = kg ⋅ ygn + bg ⋅ !yg ⋅ ygn   (58) 
In Figure 3-1 the shape of a typical HC impact is given. The area inside the curve is the 
non-recoverable energy which is dissipated during the impact inside the materials under impact, 
due to mechanisms like internal vibrations and local plastic deformations. 
 
Figure 3-1. Typical Interaction Force – Penetration Depth diagram using HC method. 
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However, the behaviour of real materials is somehow different according to the 
experimental results in the literature. In Figure 3-2 - Figure 3-4 the experimental results for force 
vs penetration depth is given for various materials and surfaces. In the case of Figure 3-2 the 
pressure is static due to the Bevameter measurement technique. Therefore after each restitution, the 
compression phase follows almost the previous restitution phase. However it is obvious that the 
surface due to compaction retains a permanent depth and it does not return to its initial height. 
During the second pressurization phase (BCD) the materials deform almost from the depth the first 
pressurization phase ended. Thus the interaction on deformable terrains cannot be represented 
realistically by methods like HC. The problem is that in a terramechanics approach, like when 
describing the behaviour of a surface using the Bevameter technique, it is assumed that an 
equipment (or a wheel or a foot) is in touch with the ground for considerable amount of time, or 
even permanently. This approach cannot be applied in the case of impacts which are inherently 
fast. It is reasonable to assume that during impacts, time dependent phenomena, such as creepage, 
have negligible effect compared to the inertia and interface stiffness or damping effects. However 
the plastic deformations, which occur to one or both of the interacting bodies, play an important 
role. 
  
(a) (b) 
Figure 3-2. Response to repetitve normal load of (a) a mineral terrain, and (b) Petawawa Muskeg A, [162]. 
In Figure 3-3 the experimental results of the impact of a metallic sphere on various 
materials are shown. Again the qualitative similarity of the HC model is apparent, however the HC 
model fails to predict the permanent deformation analytically. Finally in Figure 3-4, the force-
penetration depth of a foot (a two-body system) is presented where a recompression phase is 
acknowledged [83]. However this phenomenon is only observed but not described analytically in 
that work. 
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(a) (b) 
Figure 3-3. Force-Identation Response of a metallic sphere impacting a (a) composite half-space and (b) 
rigidly supported thin laminate, [101]. 
 
Figure 3-4. Experimental result of a two-body system penetrating a surface (foot-terrain interaction), [83]. 
In order to tackle the issues that other impact descriptions have, in this chapter a novel 
impact model is proposed and developed which has viscoplastic characteristics. This viscoplastic 
model shows very good correlation with experimental results found in the literature and it can 
efficiently describe a large number of interactions that occur in robotics, not only in space but also 
in terrestrial applications. At the same time a parameter named Coefficient of Permanent 
Deformation has been introduced, which describes the deformations that can occur on a 
viscoplastic material, taking into account complex behaviours like compaction and cratering. An 
earlier work which employs the demonstrated approach in this work and its potential is in [92]. It 
has been proved that the proposed viscoplastic model represents more accurate this kind of 
interactions and the generallity of its application in viscoplastic impacts applies not only in impacts 
in space but it can be used similarly in other areas of robotics, [154] - [156]. 
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3.2 Model Rationale 
In viscoelastic models, in order to describe an impact, lumped parameters (fictional springs and 
dampers) are used which are located in the interface between the bodies under impact. Let an 
impact between two bodies, which is defined by a viscoelastic model, such as the HC, Figure 
3-5a. During compression, both the interaction force Fg  and penetration depth yg  increases, while 
the relative velocity  !yg  between the bodies decreases. When this velocity is zeroed, i.e.  !yg = 0 , 
the maximum compression yc,max  has been reached. Note that generally, the maximum force 
appears before the maximum compression due to intrinsic model non-linearity, [145]. During 
restitution, the relative velocity between the bodies increases, but in the opposite direction, while 
the depth and the interaction force decrease. The restitution ends when both the depth and the 
interaction force are zeroed, but in fact this is due to the closed form of the models. The key event 
characterizing the end of the impact is that the interaction force is zeroed, i.e. there is no more 
contact between the impacting bodies. In other words, existing viscoelastic models implicitly 
assume that the impact starts and ends (e) at yg = ye = 0 , i.e. that no permanent deformation 
ye ≠ 0  occurs. However, due to the permanent deformation on a nonideal deformable impact 
interface, the impact bodies clear the interface at ye > 0 ; this has an effect on the final elongation 
of the (fictitious) spring and the energy lost due to the permanent deformation. In addition, in 
viscoelastic models, the behavior of a material under repetitive loading at the same point, or 
compaction, is ignored. In fact, experimental results as for example in [29], reveal that viscoelastic 
models do not describe accurately deformation of materials in contact, validating this proposition. 
Hence a model that takes into account such deformations is needed. 
 
Figure 3-5. Impact models (a) Standard viscoelastic and (b) Proposed viscoplastic. 
(a) Impact Using Common Viscoelastic Models
(b) Impact Using Proposed Viscoplastic Model
Impact Compression Max. Compr. Restitution End of Impact
Max. Compr.
Stiffness Change
yc,max uid , f
Impact Compression Restitution
yc,max
End of Impact
ye
unid , f
PhD Thesis  Capturing of Orbital Space Systems by Robots  Iosif S. Paraskevas 
CSL 75 NTUA - 2015 
The strict viscoelastic description of the process can be extended in the case of plastic 
deformations via appropriate lumped elements to result in a viscoplastic description. Here, a model 
that treats the impact piecewise is developed, as shown in Figure 3-5b. According to this model, 
the compression phase is the same to that in the viscoelastic case. During this phase, part of the 
energy is stored in the (fictitious) spring, which represents the interaction stiffness, another part is 
dissipated through material internal losses represented by damping bg , and the remainder is 
dissipated during bodies’ shape deformation, e.g. due to cratering around the impact point or 
compaction. As restitution is reached, the material in the direction of motion has been displaced 
due to the deformation, and/or the interface becomes stiffer because of compaction. Also, the 
interaction spring cannot be extended to its initial length, corresponding to ye = 0 , but to a shorter 
length corresponding to a new lower level with ye > 0  with respect to the undeformed interface. 
As the interaction force will be zero at this new free length of the spring, it follows that this new 
fictitious spring is shorter and stiffer. Thus there is memory for the phase between compression 
and restitution; this memory will be described by a piecewise equation. 
3.3 Proposed viscoplastic model. 
In order to mathematically describe the model it is necessary to define the term impact instance. 
An impact, as it has been already presented in Sec. 2.2, is a process which includes the phases of 
compression (c) and restitution (r), which occur at an impact point. Each pair of compression and 
restitution on the same impact point is an impact instance. Strictly speaking, an impact terminates 
when there is no contact between the bodies under impact, thus when the interaction force Fg = 0 . 
Therefore an impact may consist by one or more compression-restitution pairs until it is 
terminated; thus an impact may consist by one or more impact instances. 
Based on the above, the interaction force Fg  at an impact instance i  can be described by, 
 
 
Fg,i yg , !yg( ) =
Fc,i = λc,i ⋅ kg + bg ⋅ !yg( ) yg − ye,i−1( )n , !yg ≥ 0
Fr ,i = λr ,i ⋅ kg + bg ⋅ !yg( ) yg − ye,i( )n , !yg < 0
⎧
⎨
⎪
⎩⎪
 (59) 
where subscript c  stands for compression, r  for restitution, ye  is the final penetration depth, and 
the index i  identifies the impact instance, see Figure 3-5. As the interface between the bodies 
under impact inherits characteristics from the previous instance, during successive impacts at the 
same point, the Coefficient of Permanent Deformation λ  is defined in recursive form as, 
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λc,i =
1, i = 1
λr ,i−1, i >1, i ∈!
⎧
⎨
⎪
⎩⎪
λr ,i = λr ,i materials, velocity, i( ), i ∈!
 (60) 
Since the fictitious spring is stiffer during restitution than in compression, λr ,i ≥ λc,i ≥1 . The 
equality λr ,i = λc,i  holds when the interface cannot be compressed further; then (59) reduces to an 
HC model with the same start and end point. As a demonstration, Figure 3-6 illustrates the impact 
force as a function of the penetration depth yg  for various fixed values of λ  as described by (59), 
in the case of a 1kg  ball falling with zero velocity from a 0.5m  height to a surface with 
kg = 8 ⋅104 N m . Note that with λ  increasing, the permanent deformation increases, even though 
the compression phase is the same. The area under the curve corresponds to interaction losses; 
these increase with λ . In Figure 3-7, the distribution of the energy dissipation is presented. The 
areas below the two HC curves (compression and restitution) represent the dissipation due to 
internal losses, as in Figure 3-1. The triangled-shaped area, of which the sides are described by the 
non-linear springs of each phase in (59), represents the energy loss due to the permanent shape 
deformations. 
 
Figure 3-6. Impact curves for the proposed impact model (59) for various λ . 
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Figure 3-7. Energy dissipation as depicted in the impact curve. 
Parameters for various materials or soils can obtained easily from the literature, e.g. [29], 
[58] and [71]. However, usually the experiments that yield these parameters are of static nature, 
e.g. for soils this is achieved using the Bevameter technique (such as the cohesion), which may not 
be adequate for dynamic impacts.  
Generally, as the same contact area is compressed, it becomes stiffer. Thus after a number of 
impacts at the same point, its stiffness eventually reaches a critical limit. To model this increasing 
stiffness, the following function is proposed, 
 
 
λr ,i = 1+ a i( ) ⋅ 1− e− i⋅β i( )( ), i ∈!   (61) 
where a(i)  and β(i)  are functions of the impact instance i , of the materials and of the velocity. 
Note that if a i( ) = 0  or β i( ) = 0 , (59) reduces to the HC model. Parameter a  sets the maximum 
value of λr ,i , whereas an increase in β  increases the speed to reach this value, i.e. fewer impacts 
at the same point are needed to reach the critical value, as shown in Figure 3-8. Apparently as the 
impact instance is a discrete value, λr ,i  has also discrete values. 
The final depth ye,i  after the ith  impact can be calculated by observing that at the maximum 
compression yc,max,i  there is force continuity, while the interface velocity is zero, i.e. 
 
 
yc,max,i ⇔ Fc,i = Fr ,i and !yg = 0   (62) 
Using (59) and (62) one can deduce that 
 ye,i = yc,max,i ⋅ 1− λc,i λr ,in( ) + ye,i−1 ⋅ λc,i λr ,in( )   (63) 
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Figure 3-8. Change of the Coefficient of Permanent Deformation after each impact using (61) for various 
a i( )  and β i( ) . The values are discrete. 
where ye,0 = 0  for consistency. 
3.4 Recompressions, rebounds, and hard impacts. 
It is interesting to study the impact behavior of the two-body system in Figure 3-9, while it falls 
vertically (it has the same behaviour with a system which hits horizontally another system or wall) 
where the lower mass is lighter than the upper mass. When the lower mass comes into contact with 
the interface, the direction of the velocity of the system CoM is downward. The phases of 
compression and restitution occur, Figure 3-9a and Figure 3-9b; during restitution the lower mass 
may or may not clear the interface, Figure 3-9c. However the upper mass due to its larger inertia 
and system compliance, continues its downward motion and thus the forces which are applied on 
the lower mass by the spring (and damper) and the interface interaction can become equal in 
magnitude before the direction of the velocity of the system CoM is reversed. This will start a 
“recompression” phase (impact instance i +1  for this interface point), Figure 3-9d. The process 
can be repeated a number of times until the two-body system as a whole clears the interface and at 
the same time the direction of the velocity of the system CoM becomes upward; only then the 
impact is considered over. 
Therefore the possible cases during an impact of the two-body system of Figure 3-9 are: 
i) After the ist restitution, m  has cleared the interaction surface (whether it is the initial depth 
or a surface compressed to ye,i ) and its velocity is upward. Thus Fg = 0 . If the CoM of the system 
continues its downward motion, the phenomenon is a rebound. Another impact instance i +1  will 
take place. 
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Figure 3-9. Description of recompression for a falling 2-body system where Fg  is the interaction force and 
Fk  is the spring force: (a) Initial contact, (b) Compression, (c) Restitution and (d) Recompression. 
ii) After the ist restitution, m  has not cleared the interaction surface (whether it is the 
initial depth or a surface compressed to ye,i ). Thus Fg ≠ 0  and the CoM of the 
system continues its downward motion. In this case the phenomenon is a 
recompression. Another impact instance i +1  will take place. 
iii) After the ist restitution, m  has cleared the interaction surface (whether it is the 
initial depth or a surface compressed to ye,i ) and its velocity is upward. Thus 
Fg = 0 . If the CoM of the system has also an upward motion, the impact has been 
terminated. No other impact instance will take place. 
As an application of this behaviour, the interaction force versus the penetration depth is 
presented in Figure 3-10 for a two-body system which impacts a very stiff ground 
(kg = 106 N m) , where the upper and lower masses are 4kg  and 0.1kg  respectively, the 
distance between them is 0.30m  and the spring stiffness is k = 12,000N/m . For demonstration 
purposes, (61) is used with a = 0.5  and β = 1 , corresponding to a very stiff surface, which can be 
deformed plastically to some small degree. The system falls from a height of 1cm  with zero initial 
velocity. As it can be seen in Figure 3-10, a number of compression and restitution phases are 
observed before the interaction force is zeroed. The remaining compression is about 0.45 mm. 
On the other hand, a rebound is completed when the lower mass clears the ground; more 
than one rebounds can occur during a single impact phase. Figure 3-11 illustrates the characteristic 
behavior for two different impacts. In the first impact, the lower body undergoes a number of 
successive recompressions, without clearing the surface; thus no rebound occurs. In the second 
m Fg Fg FgFk Fk Fk
Fg >> Fk Fg > Fk Fg > FkFg = Fk
vCoM vCoM vCoM vCoM
Fg = 0
k
M
(a) (b) (c) (d)
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impact, clear of the surface by the lower body occurs, but the velocity direction of the CoM is 
opposite to the velocity direction of the lower mass; thus a rebound occurs.  
 
Figure 3-10. Impact curve for a case with 5 recompressions. 
The observations are very intersting for a robotic system, as for example in the case of foot-
terrain interaction. A force sensor is used often in legged robots to establish the transition from 
stance to flight and vice versa, so it is possible that the sensor signals can mislead the controller; 
therefore this behavior must be taken into account in the controller design. Otherwise, flight and 
stance controllers will be switched on and off very fast, resulting in poor response or even in 
eventual loss of stability, especially when the impacts are between stiff bodies, [102]. 
 
Figure 3-11. Stance instances with recompressions and rebounds. 
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3.5 Discussion on the proposed viscoplastic model 
Let now examine the qualitative results of using the proposed viscoplastic model. Let again the 
case of a 1kg  ball falling to a surface with kg = 8 ⋅104 N m , but this time the velocity just prior 
to impact is 2m s  and this time the interaction damping characteristics and the Coefficient of 
Permenanent Deformation λ  are changing, Figure 3-12. As the damping characteristics are 
relatively low, and the Coefficient of Permenanent Deformation is unity, the absolute velocity after 
restitution is almost equal to the absolute velocity before the impact; the impact is almost elastic. 
By increasing the damping characteristics of the surface – that is the dissipation due to damping is 
increased – the absolute velocity is reduced. Using (9), it is easy to determine the coefficient of 
restitution equal to 0.475. However when the damping characteristic is retained but the Coefficient 
of Permenanent Deformation is increased the behaviour is different; the compression phase is 
similar to the previous one but the impact finishes earlier, and the final velocity is reduced further. 
The coefficient of restitution can be calculated again by (9) equal to 0.275; energy has been 
dissipated not only in the interior of the surface, but also the plastic deformation (designated by the 
Coefficient of Permenanent Deformation) reduced further the ball’s final velocity. 
 
Figure 3-12. Qualitative difference between viscoelastic model and proposed viscoplastic model. 
Note that in any case, the actual penetration depth as a function of the interaction force 
depends not only on the materials and the initial impact velocity, but also on the relative stiffness 
of the system with respect to the surface and the system mass ratio. 
Summarizing, the proposed model: 
(a) has advantages over similar models like KV, HC, or those presented in [6], [82], [83], 
[162]. The model can both describe accurately the impact between two compliant bodies but it can 
also be used for repetitive loading of a particular contact point by increasing the impact instance 
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index i  for this particular contact point. A special case of repetitive loading occurs when the 
impacting body is a multibody system where recompression may occur, 
 (b) is numerically stiff. Depending on the complexity of the problem to solve, high accuracy 
in ODE solvers may be required, 
 (c) uses the HC model as a basis in (59), but this is purely a matter of choice; the core idea 
of the developed model is also applicable to other viscoelastic models, 
(d) proper selection of λ  can describe complex interaction phenomena like compaction and 
cratering, and. 
(e) experimental results in the litarture, prove that the proposed model has qualitatevily 
similar results, see Sec. 3.1. The exact figures for the stiffness/damping characteristics of many 
materials and surfaces can be found in the literature, like in [101] and [162]. 
The pseudocode of the algorithm of the impact model can be found in Appendix D. 
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4 Analyzing Impacts Between Multibody Systems 
4.1 Introduction 
In this chapter the interest lies on how the mass and stiffness characteristics of systems under 
impact affect the impact in a gravity-free (zero gravity) environment. Initially, the standard 
approach during modeling of impact docking is presented and it is shown that this approach lacks 
on accounting the effects of inertia and stiffness of the system of masses that come into contact. A 
more generalized approach in modeling this free-floating impact by using computationally fast 
methods stemming from the rigid-body theory is developed. One important result here is that the 
effect of the mass ratio of the multibody systems under impact is quantified. This quantification is 
achieved using an analytical proof of the effect of mass ratios during impact of multibody systems. 
This resulted to a better understanding on the behaviour of multibody systems in zero-gravity 
during impacts. In line with this, the Ratio of Effective Masses is introduced, which can efficiently 
describe the behaviour of multibody systems under impact, taking into account all the masses of 
the impact. By using this term, a fast but accurate way to assess the post-impact relative velocity 
knowing only the pre-impact relative velocity is presented. Additonally using ths ratio, it can be 
determined whether the impact of two systems can lead to a further approach or separation. Thus, 
in this chapter, an analytical method for fast determination of the behaviour of multibody systems 
under impact is developed and it is used in order to define whether the conditions for a successfull 
docking/ capture exist. Part of this work has been presented in [126]. 
4.2 Model Development 
4.2.1 Discussion on Models to Describe Impact Docking  
Usually the model used for the impact during docking is 1-D due to the fact that the salient 
information of the impact can be described in this way, [35], see Figure 4-1. The problem with this 
model is the fact that on part of the system, or for both systems, one or more bodies can be 
replaced by a fictional wall. This is near the reality if and only if a body has a very large mass 
comparing to the others. For example this model is near to reality in case the Target is the ISS. 
However as the bodies under impact have comparable masses, this simple model fails to represent 
the reality. This is especially true if we consider impacts during docking between satellites (e.g. in 
a on-orbit servicing scenario) or the capturing of a space debris by a space robot. 
A more generic model for the Chaser and the Target CoMs when moving along the same 
axis is shown in Figure 4-2. Both systems are modelled as two masses connected with a (in 
general non-linear) spring and a (in general non-linear) damper. This may seem as an 
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oversimplification, especially when the Chaser, the Target or both, are n-body systems; however 
according to the assumptions of Sec. 2.2.2, during the short duration of an impact, the systems can 
be regarded as quasi-static. In this approach, it can be regarded that the Chaser is a combination of 
a mass which resembles the base and some of the links which have locked joints or very high 
stiffness comparable to a joint which connect a probe (and perhaps some more links), which are the 
mass. In a similar way the Target, can be regarded as one base with a latching mechanism (or 
drogue), connected via a spring and a damper. In other words, what interest is the first 
eigenfrequency that corresponds to two masses and a spring for each system, Chaser and Target. 
 
Figure 4-1. Classic modelling of docking impact procedure. 
 
 
Figure 4-2. Generic model of impact between two free-floating systems. 
Specifically, if the free body diagram is analyzed, one can see the main equations of motions 
for all masses of this system. Unfortunately, the absence of a fictious wall as in the classic analysis, 
makes the problem more difficult to analyze. In order to select the proper model for the docking 
impact, it is necessary to discuss the parameter of the model to pinpoint its characteristics. In this 
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discussion the 1-D models shall be examined, as they form the basis for any subsequent analysis in 
2-D or 3-D: 
4.2.2 Discussion on the Stiffness Characteristics 
In many cases in the literature, it is usual to consider the probe front-end as a small mass, which is 
ignored. However this is not realistic: As the front-end comes into contact with the Target, the 
impact occurs between these two bodies (the small mass and the target). Higher impact frequencies 
are excited than in the case in which the small mass is neglected. Thus the masses cannot be simply 
ignored, as in reality they are the main reason for energy interaction between the Chaser and the 
Target. Therefore a question is eminent: which is the mass ratio that defines the model to be used 
during impacts? 
As Stronge and other researchers suggest [145], when there are multiple impacts between 
multiple masses, like in the case of the 2 two-bodies we examine, the ratio between the spring 
constants between the masses and the spring constant which represents the interaction between the 
bodies under impact play an important role. On main issue which arises, is whether the impacts can 
be considered sequential or simultaneous. Generally, if the magnitude of the spring constant which 
represents the impact is much higher than the spring constants between the bodies of the Chaser 
and the Target, the impacts are simultaneous. In more detail, as the ratio of the impact stiffness to 
the internal stiffness of the bodies is larger than one order of magnitude, the impact characteristics 
(maximum force, duration) are governed by the stiffer spring, which in this case is the fictional 
spring between the masses under impact. 
The first question is how realistic is this in the case examined, that is the impact between the 
2 two-body systems in space. It is reasonable to assume that the spring constant developed between 
the bodies under impact, ki , is far larger that the springs between joints. Indeed, see Sec. 2.2.6, a 
typical spring constant between two metallic surfaces can be high enough (more than some 
hundred thousands for this case), whereas a typical spring constant created by a joint (either using 
a spring or a motor) is much lower – except of course it is a locked joined. 
The second question is what happens as the ratio is lower than one order of magnitude. In 
other words what happens as the spring constants ki  and kc  or kt , are similar. The following 
cases exist: (1) The spring constant between the masses of the Chaser and the Target are larger 
than the fictional spring constant ki  for at least one order of the magnitude. In this case one can 
consider that the Chaser is two masses rigidly connected. (2) If we remove the masses under 
impact as very small, then the total spring constant can be evaluated using Eq. (200). In other 
words we can model again the systems as a two mass system connected with an equivalent spring. 
(3) In case that all spring constants are of the same order of the magnitude then the viscoelastic 
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analysis is necessary. However until now an analytical solution is difficult to be found for more 
than 3 interconnected bodies, and FEM analysis may be necessary. Hopefully this is not a case of 
interest, as it is completely unrealistic with respect to this problem; the impact is usually between 
metallic elements, therefore ki  is much larger than kc  or kt . 
4.2.3 An n-multibody system modelled as a 2-body system 
The impact docking has mainly to do with systems where the probe-drogue mechanisms are not 
connected to appendages (e.g. ATV docking on ISS), but in the more general case, it is assumed 
that they are attached to manipulators, (i.e. configurable appendages). By reference to Figure 4-3a, 
suppose that the probe and drogue are both connected to a manipulator, and each manipulator to a 
free-floating base. This can be simplified if examined as a 1-D case, see Figure 4-3b.  
 
Figure 4-3. Model rationale of impact docking between multibody systems: (a) concept and (b) free body 
diagram. 
With reference to Figure 4-3b, the Chaser is a two-body system, where mass, m1 , 
represents the Chaser body and mass m2 , its manipulator with the probe. These are connected via 
a lumped parameter system, (a spring and a damper), modelling the internal compliance of the 
system. Similarly for the Target, a system of two masses (m3  and m4 ) connected by lumped 
parameter elements is employed. Specifically for the 1-D case, the latching mechanism is regarded 
to be a spring-latch system, which is parallel or normal to the motion of the bodies under impact. 
This method of modelling is similar to known approaches such as those in [35] and [151]. This is 
the generic scenario which will be used in this work and is based on the current technology trends 
of Sections 1.2 and 1.3.  
Thus, it is useful to model the multibody systems under impact as 2-body systems; this 
approach is known as equivalent two-body system identification, [164]. That is an “n” multibody 
!"#$%&'
()*+ ,#-./01#2)&
3#24".-5'
,%4"#-.$6
7#&5%2'
()*+
m4m3m2m1
(a)
(b)
PhD Thesis  Capturing of Orbital Space Systems by Robots  Iosif S. Paraskevas 
CSL 87 NTUA - 2015 
system, under impact, can be modelled as a 2-body system with one body being equivalent to the 
first k  masses, and the second body equivalent to the rest n − k  masses, connected by equivalent 
spring/damper elements. The general case is shown in Figure 4-4. Let that a spae robot is 
comprised by a main body, some flexible appendages (e.g. antennas, solar panels) and a robotic 
manipulator with n −1  links. Without introducing large errors, we can ignore the small masses 
located away from the impact point and introduce a much larger mass is in the middle. 
Additionally the rest of the joints are locked, while a single joint remains able to rotate.  
 
Figure 4-4. Equivalence of a n-body system with a 2-body system. 
As it is known from mechanics the inertia characteristics can be calculated. For example the 
Center of Mass (CoM) of the n-body system is 
 rcm =
r1 ⋅m1+r2 ⋅m2 + ...+rk ⋅mk +rk+1 ⋅mk+1+ ...+rn−1 ⋅mn−1+rn ⋅mn
m1+m2 + ...+mk +mk+1+ ...+mn−1+mn
  (64) 
The CoM of the 2-body system is 
 rcm =
rBI ⋅mBI +rBII ⋅mBII
mBI +mBII
  (65) 
therefore 
 mBI ⋅rBI = mi ⋅rii=1
k
∑   (66) 
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 mBII ⋅rBII = mi ⋅rii=k+1
n
∑   (67) 
By incorporating this methodology it is possible to find an equivalent 2-body system for any 
multibody system. This will be useful in the next sections in order to determine whether an impact 
between two 2-body systems can lead to approach or to move away one from another. 
4.3 Rigid Multibody Impact Theory 
The common multibody impact models use techniques which are by design computationally 
expensive. Even though novel algorithms and increased computational power exist today, the 
computation of the impact behaviour of a n-body system takes time and is not favoured for the 
computer of a space system during operations which include impacts. 
For this reason the Rigid Multibody Impact Theory (RMIT) is proposed, [126]. The 
difference from other multibody impact models is that in this model the bodies are considered as 
whole systems (Chaser and Target) and as separate masses (two masses for the Chaser, two masses 
for the Target) simultaneously, see Figure 4-5. The idea behind this concept is based on Sec. 2.3.2. 
More specifically, let a multibody Chaser system of total mass mc  which can be equivalently 
substituted by two masses, m1  and m2 , connected by a spring kc  and a damper cc  representing 
the compliance at this point. Similarly, let a multibody Target system of total mass mt  which can 
be equivalently substituted by two masses, m3  and m4 , connected by a spring kt  and a damper 
ct  representing the compliance at this point. During impact the masses m2  and m3  come into 
contact first. That is the impact characteristics are inevitably connected with these two bodies. 
However at the same time, the impact occurs between the total masses of the two multibody 
systems, mc  and mt  which include the masses under impact m2  and m3 . In other words during 
an impact there is an interaction which exchanges energy between the masses under impact (m2  
and m3 ) as well as the total masses (mc  and mt ). During this analysis it shall be proven, that 
using equations of classical rigid body impact mechanics, one can predict the behaviour of the total 
systems after impact without large computational requirements.  
Four different effective masses are defined, see also Appendix A. More specifically, the 
effective mass of the total Chaser and Target systems (total system effective mass) is: 
 mi,ef =
mc ⋅mt
mc +mt
  (68) 
the effective mass of the bodies under impact (the masses that come first into contact) is 
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Figure 4-5. Concept for Multibody Contact Model. 
 µi,ef =
m2 ⋅m3
m2 +m3
  (69) 
and the effective masses of each of the Chaser and Target are 
 µc =
m1 ⋅m2
m1+m2
  (70) 
 µt =
m3 ⋅m4
m3+m4
  (71) 
Due to the impact instant “i” (see also 3.3 for the definition of the term impact instance), an 
impulse Pimpi  is created, which by using the expression of impulse according to (17) for the model 
into consideration is  
 Pimpi = 1+e*( )⋅Urel ,ii− ⋅µi,ef   (72) 
where Urel ,ii−  is the relative velocity of the bodies under impact prior to impact “i”, and e*  is the 
coefficient of restitution. Note that from now on, when the signs are used in superscripts they have 
the following meaning: “-“ represents a value just prior to impact and “+” represents a value just 
after the impact. The same impulse Pimpi  is developed between m2  and m3 , and between mc  and 
mt , [78]. This understanding is critical to the rest of the analysis.  
Let now define the relative velocity between the systems Urel ,si±  before or after impact “i” 
(according to the sign) as, 
 Urel ,si± =Vci± −Vti±   (73) 
where Vji± , j = c,t  is the absolute velocity of the Chaser (c) or Target (t) before or after impact 
instant “i” with respect to the same CS. Using (8) one can see that the following relationships 
apply, 
m1 m2 m3 m4
mc mt
ktkc ki
ci ctcc
Urel ,ii−
Chaser Target
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 Pimpi = mc ⋅ Vci− −Vci+( )   (74) 
 −Pimpi = mt ⋅ Vti− −Vti+( )   (75) 
due to action-reaction principle. Therefore the relative velocity of CoMs of Chaser and Target after 
impact is 
 
Urel ,si+ =Vci+ −Vti+ = Vci− −
Pimpi
mc
⎛
⎝⎜
⎞
⎠⎟
− Vti− +
Pimpi
mt
⎛
⎝⎜
⎞
⎠⎟
= Vci− −Vti−( )− Pimpi ⋅ 1mc +
1
mt
⎛
⎝⎜
⎞
⎠⎟
⇒
⇒Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
  (76) 
Using (72) 
 Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
=Urel ,si− −
1+ e*( ) ⋅Urel ,ii− ⋅µi,ef
mi,ef
  (77) 
Equation (77) shows that the relative velocity between the two multibody systems after impact is 
related to the relative velocity of the two multibody systems prior to impact, reduced by an amount 
which is related to the coefficient of restitution, the relative velocity between the bodies under 
impact (i.e. m2  and m3 ) and the way the masses of all bodies (m1,m2,m3,m4 ,mc ,mt ) are 
distributed. It is important that the difference of the two relative velocities Urel ,si−  and Urel ,ii−  is clear: 
The first refers to the relative velocity of both masses mc  and mt , and the second refers to the 
relative velocity of the bodies under impact m2  and m3 . Generally these two relative velocities 
are not the same, for example in the case we examine, if m2  and/or m3  are oscillating with 
respect to their body frame CS{B}. In order for the equation Urel ,si− =Urel ,ii−  to apply, two cases exist: 
a) There is no internal relative motion between the bodies of Chaser and between the bodies 
of Target. This means that the Chaser’s masses have the same velocity (and therefore the 
same velocity with their system CoM), and the Target’s masses have the same velocity 
(and therefore the same velocity with their system CoM). In the case examined this means 
that the internal springs of Chaser and Target are at their free lengths. This case is usually 
reasonable prior to first impact in a nominal approach scenario. 
b) In the case that another impact (i.e. not the first impact) occurs right at the point that both 
springs are at their free length. 
Therefore the relative impact velocity Urel ,ii−  can be expressed as 
 Urel ,ii− =Urel ,si− +δUreli−   (78) 
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where δUreli−  is the relative difference of velocities between the impact bodies mass (m2  and m3 ) 
due to their motion within their systems (here in the form of oscillations), when the relative 
velocity of the systems has been subtracted. Using (77) and (78) one can find 
 
Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
=Urel ,si− −
1+e*( )⋅ Urel ,si− +δUreli−( )⋅µi,ef
mi,ef
⇒
⇒Urel ,si+ = 1−
1+e*( )⋅µi,ef
mi,ef
⎛
⎝⎜
⎞
⎠⎟
Urel ,si− −
1+e*( )⋅µi,ef
mi,ef
⋅δUreli−
  (79) 
Using the notation eI  for the ratio of effective masses between bodies under impact and total 
system 
 eI =
µi,ef
mi,ef
  (80) 
In essence the ratio eI  provides a metric of how much of the energy between two multibody 
sytems is transferred between the bodies which are directly under impact (thus m2  and m3 ) with 
respect to the energy transferred to the whole systems (thus mc  and mt ), due to their inertia 
characteristics. Combining with the coefficient of restitution in (79) 
 eI* = 1+e*( )⋅eI   (81) 
one can write (79) as 
 Urel ,si+ = 1−eI*( )Urel ,si− −eI* ⋅δUreli−   (82) 
In order to get the insight of eI , let be no oscillation prior to first impact, therefore 
 δUreli− = 0   (83) 
Equation (82) is simplified to 
 Urel ,s1+ = 1−eI*( )Urel ,s1−   (84) 
If (80) is examined one can find 
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eI =
µi,ef
mi,ef
= m2m3 m2 +m3( )
−1
mcmt mc +mt( )−1
= m2 ⋅m3 ⋅ mc +mt( )mc ⋅mt ⋅ m2 +m3( )
= m2 ⋅m3 ⋅ m1+m2 +m3+m4( )m1+m2( )⋅ m3+m4( )⋅ m2 +m3( )
=
= m1m2m3+m2
2m3+m2m32 +m2m3m4
m1m2m3+m1m32 +m1m2m4 +m1m3m4 +m22m3+m2m32 +m22m4 +m2m3m4
⇒
⇒ eI =
A
A+m1 ⋅m32 +m1 ⋅m2 ⋅m4 +m1 ⋅m3 ⋅m4 +m22 ⋅m4
≤1
where A=m1 ⋅m2 ⋅m3+m22 ⋅m3+m2 ⋅m32 +m2 ⋅m3 ⋅m4
and m1,m2,m3,m4 ≥0
 (85) 
Therefore one can deduce that 
 0≤ eI ≤1   (86) 
and 
 0≤µi,ef ≤mi,ef   (87) 
The coefficient eI  plays a significant role in determining whether the Chaser will continue, 
stop or change its direction of motion after an impact. This cannot be predicted using the simple 
rigid body theory, because this theory examines only the bodies under impact (in this case m2  and 
m3 ) without considering the mass ratio between the individual masses of the two multibody 
systems under impact (that is all the masses under consideration m1,m2,m3 and m4 ).  
To examine the significance of the coefficient, assume a perfectly elastic impact occurs 
e* =1( )  and using (81) and (84) 
 Urel ,s1+ = 1−eI*( )Urel ,s1− = 1−2⋅eI( )Urel ,s1−   (88) 
Using (88), the following different generic cases can be identified: 
a) eI = 0⇒Urel ,s1+ =Urel ,s1− : Retaining exactly the same velocity prior and after impact means 
that in fact, no impact has occurred in the first place. This is a limit case of ratio eI . 
b) eI =1⇒µi,ef =mi,ef ⇒Urel ,s1+ =−Urel ,s1− : This is another limit case of the ratio eI . In fact it 
resembles an impact between 2 rigid bodies only. The relative velocity of the two systems 
becomes the relative velocity of two simple rigid bodies. 
Both cases (a) and (b) are limit cases which prove the generality of the ratio of effective 
masses concept. 
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c) eI =
1
2⇒Urel ,s
1+ = 0 : The CoM of the two multibody systems move at the same relative 
velocity after impact. In Sec. 4.3.1 this situation shall be further examined. 
d) 0< eI <
1
2⇒Urel ,s
1+ ⋅Urel ,s1− >0 : The CoM of the two multibody systems will have positive 
relative velocity after impact. Practically the Chaser will approach again the Target. This is 
a favourable situation during docking/ capture. 
e) 
1
2 < eI <1⇒Urel ,s
1+ ⋅Urel ,s1− <0 : The CoM of the two multibody systems will have negative 
relative velocity after impact. Practically the Target will fly away from the Chaser. This 
would prevent docking/ capture. 
The above results prove additionally that the impact behaviour for the impact depends on the 
ratio of the masses, and not on the masses per se. This is in accordance with results presented in 
[84]. 
4.3.1 Further insights for eI  
It is interesting to examine the behaviour of eI  with respect to the ratio of masses between the 
bodies. For this reason the ratios between the masses are defined as 
 λi =
m2
m3
λc =
m1
m2
λt =
m4
m3
  (89) 
therefore eI  becomes 
 
eI =
µi,ef
mi,ef
= m2 ⋅m3m2 +m3
⋅ m1+m2 +m3+m4m1+m2( )⋅ m3+m4( )
⇒
⇒ eI =
λc +1( )⋅λi + λt +1( )( )
λi +1( )⋅ λc ⋅+1( )⋅ λt +1( )
  (90) 
A number of plots were created for (90) using Mathematica. As it can be seen in Figure 4-6 
and Figure 4-7, large λc  and λt  are (i.e. more massive m1  and m4  respectively) have as a result 
the further approach of the Chaser to the Target (i.e. eI ≤0.5 ). However if m2  and m3  are 
prominent (i.e. λc  and λt  are reduced), the systems tend to reverse the relative velocity after 
impact (i.e. eI ≥0.5 ). In Figure 4-8 one can deduce that as the mass of the Chaser becomes larger 
than the mass of the Target (because λi  increases and λt  remains constant) the systems tend after 
impact to retain an almost zero relative velocity ( eI  tends to zero); however, as the Chaser has 
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analogous or lower mass than the Target, Chaser’s mass ratio plays critical role to the direction of 
the motion after impact. Similar explanations can be found in Figure 4-9, as the mass of the 
Chaser is larger than the mass of the Target (because λi  increases and λc  remains constant). 
 
Figure 4-6. eI  vs Target’s mass ratio, for different Chaser mass ratios and λi = 1 . 
 
Figure 4-7. eI  vs Chaser’s mass ratio, for different Target mass ratios and λi = 1 . 
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Figure 4-8. eI  vs masses under impact ratio, for different Chaser mass ratios and λt = 1 . 
 
Figure 4-9. eI   vs masses under impact ratio, for different Target mass ratios and λc = 1 . 
Equal Mass Ratios of Chaser and Target 
If one assumes that the ratios of the Chaser and the Target are equal (note that the absolute masses 
m1 −m4  and mc ,mt  are not required to be equal), that is 
 λc =λt =λ   (91) 
so that (90) becomes, 
!"#$
% & ' ( $"
"#)
$
*
)
!$λt
+,-./0123-/4156789:1;8001<8:.,
λc
e I
λi
"#)
"#&
"#*
"#'
"#=
!"#$
% & ' ( $"
"#)
$
*
)
!$ λt
+,-./0123-/4156789:1;8001<8:.,
λc
e I
λi
"#)
"#&
"#*
"#'
"#=
"#(
PhD Thesis  Capturing of Orbital Space Systems by Robots  Iosif S. Paraskevas 
CSL 96 NTUA - 2015 
 eI =
1
λ+1( )   (92) 
then using (81) and (84), one can find for the first impact 
 
Urel ,s1+ = 1− 1+e*( )⋅eI( )⋅Urel ,s1− ⇒
⇒Urel ,s1+ = 1−
1+e*( )
λ+1( )
⎛
⎝⎜
⎞
⎠⎟
⋅Urel ,s1− ⇒
⇒Urel ,s1+ =
λ−e*
λ+1
⎛
⎝⎜
⎞
⎠⎟
⋅Urel ,s1−
  (93) 
The ratio λ  can be only positive; therefore the numerator of (93) can be positive (and the 
systems will continue to move at the same direction because Urel ,s1+ ⋅Urel ,s1− >0 ) if and only if the 
ratio of the masses of the bodies λ , as in (91), is larger than the coefficient of restitution. Note 
however that 0≤ e* ≤1  therefore if λ >1  then this situation is trivial because then λ > e*  always. 
In other words (93) must be examined especially when the Target has larger m2  than m1 . Finally 
one can easily see that as the ratio λ  increases, that is  m1≫m2 , the coefficient eI  tends to zero, 
therefore the Chaser keeps its direction after impact and the relative velocity of the systems is 
decreased partly. 
Impact of three masses 
In case either the Chaser or the Target cannot be modeled with more than one mass, then either 
m1 = 0  or m4 = 0 . In this case λc = 0  or λt = 0  correspondingly. Let examine the case that the 
Target is one mass only. Using (90) one can find that 
 eI =
λc +1( )⋅λi +1( )
λi +1( )⋅ λc ⋅+1( )
  (94) 
Plotting this function, Figure 4-10, it can be seen that there is high tendency for the systems 
to change the direction of relative velocity (as eI >0.5 ) which is reasonable if it is considered that 
the whole energy of the impact of the Target is received only by one mass, and there is no spring or 
other mass to withstand the impulse. Therefore the only case that the systems retain their initial 
direction of relative velocity is in the case the Target is much more larger that the mass under 
impact from the side of the Chaser. 
On the other hand if between the Chaser masses the spring is infinitely stiff or there is no 
flexibility, then (90) yields  
 eI =
1
λi +1( )
  (95) 
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Figure 4-10. Impact of three masses, where the Target is only one mass. 
Apparently (95) is similar to (92), with a different mass ratio. Thus, as the Chaser becomes larger it 
tends to retain its initial velocity. 
Impact with a small mass connected to a very large mass 
Another extreme case is when m4  models a very large mass, like a fixed wall. Let m4→+∞ . 
This time it is better to solve again (90) and take into account that 
 m4 >>m1,m2,m3   (96) 
which means that 
 
eI =
µi,ef
mi,ef
= m2 ⋅m3m2 +m3
⋅ m1+m2 +m3+m4m1+m2( )⋅ m3+m4( )
⇒
⇒ eI =
m2 ⋅m3
m2 +m3
⋅ m4m1+m2( )⋅m4
= m2 ⋅m3m2 +m3
⋅ 1m1+m2( )
⇒
⇒ eI =
µi,ef
m1+m2( )
=
µi,ef
mc
  (97) 
By substituting the mass ratios from (89), it can be found that: 
 eI =
1
λi +1( )⋅ λc ⋅+1( )
  (98) 
In other words the larger the Chaser, the higher the relative velocity is, following an impact 
with respect to the relative velocity prior to the impact. Plotting this function, Figure 4-11, it can 
0
5
10
15
0
5
10
0.4
0.6
0.8
1.0
λc
λi
eI
PhD Thesis  Capturing of Orbital Space Systems by Robots  Iosif S. Paraskevas 
CSL 98 NTUA - 2015 
be seen that after impact the systems in general retain the initial direction of the relative velocity, 
except in cases where the Chaser has a larger mass under impact and/or the mass connected to the 
wall has about the same mass as the Chaser. 
 
Figure 4-11. Impact with a Target which is comprised by a small mass connected to a very large mass. 
Zero post-impact relative velocity 
As Figure 4-6 and Figure 4-7 show, in some cases the relative velocity after impact can be zeroed 
( eI = 0.5 ) leading to a favourable situation. In fact, if this can be achieved, then the CoM of 
Chaser and the Target can assume zero relative velocity which is favourable to a space operation. 
In this case both systems will remain at a constant distance between; realistically this means that 
their relative velocity will be almost zero, thus the docking/ capture will exert lower reactions. 
Equating eI  in (90) with 0.5, 
 
eI =
λc +1( )⋅λi + λt +1( )( )
λi +1( )⋅ λc ⋅+1( )⋅ λt +1( )
= 12⇒
⇒λc ⋅λi −λc ⋅λi ⋅λt +λi +λt −λc ⋅λt −λc −λt ⋅λi +1= 0
 (99) 
Three cases result: 
i. If λc = c  and known then, 
 λi ⋅ c+1( )⋅ 1−λt( )+ 1−c( )⋅ λt +1( )= 0  (100) 
which is presented in Figure 4-12. As it can be seen, if the mass ratio of the Chaser is unity, 
λc = 1 , then if the mass ratio of the Target is also unity, λt = 1 , it does not matter what is the mass 
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ratio between the systems themselves. However in general, it is obvious that in order to find a 
relation of the mass ratios that would zero the post impact relative velocity, the following must 
apply as Figure 4-12 shows: if the mass ratio of the Chaser is larger than one, then the mass ratio 
of the Target should be less than one, and vice versa. 
 
Figure 4-12. Mass ratio combinations which zero relative velocity after impact if the mass ratio of Chaser is 
known. 
ii. If λi = c  and known then, 
 c−1( )⋅ λc −λt( )+ 1+c( )⋅ 1−λc ⋅λt( )= 0  (101) 
which is presented in Figure 4-13. Again it is obvious that there is a qualitative reciprocity 
between the mass ratios of Chaser and Target. 
iii. If λt = c  and known then, 
 λi ⋅ 1− c( ) ⋅ λc +1( ) + 1+ c( ) ⋅ 1− λc( ) = 0  (102) 
which leads to Figure 4-14. Qualitative reciprocity of the mass ratios between Chaser and Target 
is again evident. The results of the first case (Chaser mass ratio known) are also valid here. 
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Figure 4-13. Mass ratio combinations which zero relative velocity after impact if the mass ratio of masses 
under impact is known. 
 
Figure 4-14. Mass ratio combinations which zero relative velocity after impact if the mass ratio of Target is 
known. 
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Varying Mass Ratios 
In the next Table 4-1, the results of the previous analysis are summarized. In Table 4-2 the 
special cases are also presented. Using this tables, a designer (of a system or a controller) will be 
able to assess the results of an impact between two multibody systems; it will be much faster to 
examine whether an impact will result in further approaching of the two multibody systems or not, 
and in case some parameteres can be altered on-line, e.g. the compliance of appropriate joints in 
order to alter the ratio λc  (see for example Sec. 4.2.3), then an impact which would lead to 
eI→0.5  could be achieved, and thus a smaller tendency between the Chaser and Target to move 
apart after the impact. 
Table 4-1. Effect of masses on the eI . 
 
 
  
Chaser Bodies Under Impact Target 
   Decrease 
   Increase 
   Tends to 0.5 
   Decrease 
   Increase 
   Decrease 
   Increase 
   Tends to 0.5 
 
Table 4-2. Calculation of eI  in special cases. 
    
Mass ratio for 
Chaser 
Mass ratio for Bodies 
Under Impact 
Mass ratio for 
Target 
    
0    
m1 m2 m3m2 m3 m4 eI
 m1  m2 m2 = m3  m4  m3
 m1  m2 m2 = m3  m4  m3
 m1  or m2  m2  m3 m4 = m3
 m1  m2  m2  m3 m4 = m3
 m1  m2  m2  m3 m4 = m3
m1 = m2  m2  m3  m4  m3
m1 = m2  m2  m3  m4  m3
m1 = m2  m2  m3  m4  or m3
m1 m2 m3m2 m3 m4
eI
λ λi λ
1
λ +1( )
λi λt
1
λi +1( )
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  0 
 
    
c   
0.5 if Eq. (100) 
applies 
 c  
0.5 if Eq. (101) 
applies 
  c 
0.5 if Eq. (102) 
applies 
 
4.4 Discussion on Latching and Capture 
4.4.1 Introduction of the latch concept 
In this chapter a brief discussion on the latch concept and related issues will take place. As this is 
an ongoing work, this discussion aims on setting some insights on the challenges. Thus we study 
the case of a Chaser that must capture a Target, at a specific point, using a latch system. The 
question is wether this is possible for known systems and the challenges arise from the fact that 
both systems, the Chaser and the Target, are free floating systems. Additionally this procedure 
should be made without using any grasping system, that is the robotic arm of the Chaser should not 
use a grapple. The questions to be answered include: 
1. How fast this operation should be made? 
2. What is the relationship between the masses of the systems in order to achieve 
latching? 
3. What is the relationship between the system stiffness and damping characteristics 
for a successful latch? 
Latching in the Generic system 
Let a system of two masses m  (Target’s latching Front End) and M  (Target), which is at rest at 
the beginning of the procedure, see Figure 4-15. In order for the Chaser’s probe to latch with the 
target in one impact, it must reach a point B selected by design; Point A is the point of free length 
of the spring, therefore the oscillation of m  with respect to M  will be around this point. Just after 
the impact m  will move towards positive x-axis. While m  is between points A and B, the probe 
cannot reach point B without impacting again m . While m  is between points B and C, the probe 
should reach point B in order to latch. In other words, considering the oscillatory motion of m , in 
order for the probe to latch, the available time window is 
λc λi
λc +1( ) ⋅λi +1( )
λi +1( ) ⋅ λc ⋅+1( )
λc λi +∞
1
λi +1( ) ⋅ λc ⋅+1( )
λi λt
λc λt
λc λi
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 0≤ tBmin ≤T 4 ≤ tBmax ≤T 2   (103) 
where T  is the period of the oscillation of mass m , tBmin  and tBmax  is the minimum and 
maximum time respectively to achieve latching without having a new impact with m , during 
which would render the latching impossible, see also Figure 4-16. Minimum and maximum time 
also depend on the distance between points A and B, which is a design aspect. Note that in the 
presence of damping T  is the damped periodic time. 
According to (50) the maximum undamped elongation umax  of the spring is  
 umax =
Pi
m⋅ω 0
  (104) 
 
Figure 4-15. Characteristic points during motion of the latching system. 
 
Figure 4-16. Time frame for possible latching. 
therefore 
 uB =umax ⋅exp −ζ ⋅ω 0 ⋅tB( )⋅sin ω 0 ⋅tB( )   (105) 
This equation should be solved for tB . However (105) does not have an analytical solution, 
and should be solved numerically. As the damping factor tends to zero, the roots for tB  are 
Target
A B C
Probe
Latch
Latching
Point
V
umax
u
Point B
ttmin tmax
Latch possible
New impact
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infinite; however only the first two roots are of interest to us, corresponding to the motion of the 
probe from A to C and back to A just after the first impact. On the other hand if the damping is 
ignored, one can find an analytical solution for (105), which is 
 tBmin =
1
ω
⋅arcsin uBumax
⎛
⎝⎜
⎞
⎠⎟
  (106) 
 tBmax =π −
1
ω
⋅arcsin uBumax
⎛
⎝⎜
⎞
⎠⎟
  (107) 
Note however that the position B is a design parameter. In other words, the design 
characteristics of the probe, should be considered for the distance of point B 
4.4.2 Requirements for Latching at First Impact 
Introduction 
In order to understand the requirements for latching at first impact, it is necessary to understand 
exactly the nature of the latching process. In this discussion it is essential to have two things in 
mind: 
i. Neither the Target nor the Chaser are fixed on a wall or on a floor. This situation has an 
instant implication: the impact cannot take a lot of time, because as the probe “pushes” the 
latch, it also “pushes” the CoM of the Target, and therefore a translational impulse which 
tends to “push away” the Chaser is getting larger. Strictly speaking, the integral of the 
impact force (impulse) from time 0 to time t f  when the impact ends, increases as t f  
increases; thus the CoM of the Target is constantly accelerated during the impact duration. 
ii. During impact, by nature, the bodies under impact intend to move away one from each 
other, just immediately after the impact, except if another force pushes them back. This 
rule cannot be disregarded. In other words if two bodies come to an impact, a restitution 
phase will drive them away. The existence of another mass (in this work shown as m1  for 
the Chaser and m4  for the Target) connected with the masses under impact via lumped 
elements (springs and dampers) provide the inertia characteristics that prevent the total 
systems to initially move away from each other in some degree according to the 
parameters. 
Let us now consider two extreme cases. First, let us assume that on the Chaser there is a 
manipulator, with a very soft end-effector. It is easy to imagine that even if the whole system has a 
large velocity, the required impulse to “push” the latch cannot develop (not enough impulse will be 
developed to force the latch and its spring to move for a predetermined distance). In the second 
case, consider a very stiff material at the End-Effector, but now the Chaser and/or the manipulator 
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is moving slowly. Again no impulse can be created to “push” enough the latch. The problem here 
is related with note (i) above: the larger the duration of the impact, the larger the impulse to the 
CoM of the Target, which tends to move further. 
The previous mental pictures, point to the requirements for latch. In fact, the impact should 
be enough to “push” the latch past the latching point B, see again Figure 4-15. That is, the impulse 
to be created should be properly selected via the systems relative velocities. Secondly the post-
impact velocities of the systems and the velocity of the probe must be such that the probe will 
reach the latching point B while (107) applies. That is the Chaser should be fast enough to reach 
the point before the Target gets away, and the probe should be faster than m3 . In case one wishes 
the latch to be completed in a single impact, the probe should be faster than m3  but not so fast, 
that result in reaching m3  again before m2  passes the latching point B.  
Impulse and Maximum Elongation 
The first requirement for a succesful impact is the maximum retraction (elongation) of the spring 
of the Target. This is directly connected with the developed impulse, which must be such that the 
maximum elongation is larger than the latching distance llatch , see distance AB in Figure 4-15, 
which has been selected by the designer and incorporates the distance of the latching point on the 
Target and the size of the part of the probe which should pass the latching point. Apparently by 
choosing a maximum elongation near to the latching distance, one minimizes the time window 
when the latch could take place, still it is necessary as a reference number. Thus the requirement is 
 umax ≥ llatch   (108) 
Using (104) one has 
 
umax ≥ llatch⇒
Pi
m3 ⋅ω t
⋅Dt ≥ llatch⇒
1+e*( )⋅Urel ,ii− ⋅µi
m3 ⋅ω t
⋅Dt ≥ llatch⇒
⇒Urel ,ii− ≥
m3 ⋅ω t ⋅llatch
1+e*( )⋅µi
⋅ 1Dt
= m3 ⋅llatch1+e*( )⋅µimp
⋅ kt
µt
⋅ 1Dt
  (109) 
Note that e*  refers to the coefficient of restitution between the bodies under impact and Dt  to the 
internal damping characteristics between the masses of the Target. Apparently, the larger the 
latching distance llatch , the Target’ s mass under impact or the stiffness of the Target’ s spring are, 
the higher impact velocity is necessary. On the other hand as e*  and Dt  decrease, the impact 
velocity should be increased further. This is reasonable and in accordance to experience. 
Example 
Let a Chaser and a Target with the following characteristics: 
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m1 =100kg, m2 =10kg, m3 =1kg, m4 =10kg
Kt =1000N m, Urel ,i
1− = 0.05m s , c= 0, e
* = 0.9   (110) 
What should be the latching distance to achieve latching? Interestingly if (109) is being used, one 
can find that 
 llatch ≤0.0026m   (111) 
which means that the latching distance  cannot be greater than 2.6mm in this case. However 
suppose that the latching distance is 0.01m. Using (109) again it can be found that the initial 
relative velocity should be 0.192m s , which is a speed higher than the usual speeds during the 
final phase of a docking operation. A very robust controller is needed to perform this operation 
with great accuracy. This example points the difficulties of latching in free-floating systems. 
4.5 Verification in MATLAB/Simulink 
4.5.1 Description of Simulations 
In order to verify the proposed RMIT theory, a MATLAB/ Simulink model has been created. To 
test the validity of the propositions, the model is fully analytical. Each system (Chaser and Target) 
has been modeled as a 2-mass spring-damper system. The contact forces between the bodies under 
impact are calculated using the KV model (for simplification of the process). In particular the 
impact is modelled by a spring-damper system which can only be compressed. As the simulation 
advances, Simulink calculates the velocities of the masses under impact, and their interpenetration. 
This interpenetration feeds the contact model and a force is developed which pushes away the 
masses under impact. Therefore prior and after the impact, the simulation presents two 2-body 
systems, and during impact a 4-body system. No equation stemming from the proposed RMIT was 
used to obtain independent results. Thus the validity of the proposed theory is examined via a 
complete visco-elastic theoretical formulation. 
Ιn the Simulink blocks, see Appendix B, the user can set the magnitude of all masses, the 
initial velocity of the Chaser (the Target is assumed still with respect to the Chaser at the start of 
the simulation, without loss of generality), and the stiffness and damping coefficients of all springs 
and dampers, including the contact stiffness and damping, according to the impact model (i.e. here 
KV). The user can also change other initial parameters of the bodies, however, except for the initial 
velocity of the Chaser (m1  and m2  have the same velocity, therefore the internal spring and 
damper of the Chaser produce no internal forces at the beginning of each simulation run) and its 
initial position, all other values are set to zero. 
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4.5.2 Verification of RMIT 
In order to verify the theoretical calculations of post-impact relative velocity between Chaser and 
Target, in relation to the pre-impact corresponding velocity, various configurations were examined. 
Αll simulations proved the validity of the proposed theory. In the runs, the masses considered 
were: A) the masses of the robotic systems of the CSL emulator, B) All masses equal and C) and 
D) random masses. Table 4-3 presents these values and the calculations according to (84). Figure 
4-17 shows the relative velocities of all cases. Only the first impact (which is of interest) is shown 
for each example. It can be seen that in all cases the theoretical model finds the post-impact 
relative velocity with high accuracy. Note that the stiffnesses have been selected low in order to 
obtain clearer plots; however with higher stiffnesses the results are the same, and the only 
difference is the duration of the impact. Note that only the relative magnitude of the system’ s 
stiffnesses with respect to the contact stiffness is of interest. The damping was set to zero, in order 
to examine the validity of the RMIT proposition in elastic impacts. 
Table 4-3. Data and results of the first set of simulations. 
Property Example 
A 
Example 
B 
Example 
C 
Example 
D 
m1  (kg)  17 10 5 100 
m2  (kg)  2 10 50 20 
m3  (kg)  1.5 10 10 10 
m4  (kg)  15 10 100 200 
Contact Stiffness  (N /m)  1000 1000 1000 1000 
Chaser Stiffness  (N /m)  15000 15000 15000 15000 
Target Stiffness  (N /m)  200 200 200 200 
Initial Rel. Velocity  (m / s)  0.05 0.05 0.05 0.05 
Final Rel. Velocity (Eq. 33)  (m / s)  0.0403 0 0.02728 0.0413 
Final Rel. Velocity (sim)  (m / s)  0.0402 -0.000476 0.02715 0.0412 
Absolute Error  (m / s)  0.0001 0.000476 0.00013 0.0001 
Relative Error (%) 0.25 - 0.48 0.24 
 
Another interesting comparison, Examples E1-E3, is obtained by using the same masses, but 
with different stiffnesses. As shown in Figure 4-18, the duration of the impacts change (which is 
reasonable) but not the final value of the relative velocity of the systems after impact. The full 
sequence of impacts is not presented.  
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Figure 4-17. Relative velocities between Chaser and Target after first impact. Examples A-D. 
Another limiting case is presented, Example F. It resembles a small chaser consisting of two 
equal small masses, which hits a wall of (practically) infinite mass (the last mass m4  is used only 
to avoid zeroing the denominator in simulations). According to the theory, the relative velocity for 
the first impact should be close to zero for an elastic impact (thus no the coefficinet of restitution is 
unity). This is confirmed (an error is expected due to round-off erors), Figure 4-19. 
Table 4-4. Data and results of the second set of simulations. 
Property Example 
E1 
Example 
E2 
Example 
E3 
Example 
F 
m1  (kg)  17 17 17 10 
m2  (kg)  2 2 2 10 
m3  (kg)  1.5 1.5 1.5 10000000 
m4  (kg)  15 15 15 1 
Contact Stiffness  (N /m)  10 100 10000 1000 
Chaser Stiffness  (N /m)  150 15000 1500000 15000 
Target Stiffness  (N /m)  2 20 2000 500 
Initial Rel. Velocity  (m / s)  0.05 0.05 0.05 0.05 
Final Rel. Vel. (Eq. 33)  (m / s)  0.0403 0.0403 0.0403 0 
Final Rel. Velocity (sim)  (m / s)  0.0402 0.04029 0.04029 -0.00167 
Absolute Error  (m / s)  0.0001 0.00001 0.00001 -0.00167 
Relative Error (%) 0.25 0.025 0.025 - 
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Figure 4-18. Relative velocities between Chaser and Target after first impact. Examples E. 
 
Figure 4-19. Relative velocity between Chaser and Target after first impact. Example F. 
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5 Impact Minimization Using the Center of Percussion 
5.1 Introduction 
This chapter establishes the theoretical basis of Center of Percussion (CoP) for the planar and the 
three-dimensional case, where also the notion of Coefficient of Impact Design is presented. The 
effect of uncertainties on system or impact parameters are examined using non-dimensional 
variables. This way it is possible to assess the performance of a robotic operation which 
incorporates impacts, and estimate the magnitude of the undesired effects which may lead a task 
unsuccessful. Next, the theory of CoP is established for the multibody systems using the Newton-
Euler Approach (NEA). Its use in robotic systems is presented and a control method to exploit the 
phenomenon at non-free joints is shown. For this reason a controller which exploits the CoP is 
proposed. In the literature CoP has been used mainly as a reference point; in fact some other kinds 
of controllers (e.g. PD) was used to control the motor torques, [2] and [4]. To the best of author’s 
knowledge this is the first time that the CoP is used in the core calculations of the control torques. 
Implementation guidelines for various manipulator types are discussed. Finally, simulations of a 
planar space robot system, and a space robot with a 3R manipulator confirm the benefit of using 
the CoP during tasks that include impacts. The initial concept has been described in [121] and 
[125], and necessary theoretical and analytical proofs will be included here for convenience. The 
extension of the theory as well as the controller have been presented in [127] and [128]. 
5.2 Generalized Theory of Center of Percussion 
The CoP is a property of bodies which are able to rotate about a fixed axis. If an impact occurs at 
the CoP, the reaction force which is exerted on the fixed rotation axis (i.e. on the bearings of the 
rotational joint), tends to a minimum including zero. More specifically, let a beam, see Figure 5-1, 
that can rotate about a Rotation Axis (RA). An impact occurs at a point on the longitudinal axis 
and the overall movement of the body consists of the superposition of: 
(i) a translation in the direction of the impulse, therefore an inertial force is exerted at its RA 
and  
(ii) a rotation around its Center of Mass (CoM), thus exerting an inertial force at the RA, 
where in this case its magnitude is related to the relative position of the impact point with respect 
to the CoM, whereas its direction is opposite to the reaction force due to translation. If the impact 
occurs at the CoP, the magnitude of the latter reaction force is equal to the magnitude of the 
reaction force exerted due to the translation. Therefore in this case the vectorial sum of the forces 
exerted on the RA is zero – at least in principle.
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Figure 5-1. The concept of CoP: how the reaction forces can be eliminated. 
5.3 Center of Percussion for 2-D systems 
To study the CoP concept analytically, consider the free body diagram in Figure 5-2. Assume an 
impact force at some point (Impact Point - IP) along the longitudinal axis. For purposes of 
generality, the impact force can have any direction. A balance of forces and moments yields, 
 
 
−m ⋅ !vcm ⋅sinθ = −m ⋅!!θ⋅rcm ⋅sinθ = Nx − Fimp ⋅cos φ+ θ( )  (112) 
 
 
m ⋅ !vcm ⋅cosθ = m ⋅!!θ⋅rcm ⋅cosθ = N y − Fimp ⋅sin φ+ θ( )  (113) 
 
 
I o ⋅!!θ = −l ⋅Fimp ⋅sinφ  (114) 
 
Figure 5-2. Free body diagram of a beam under impact force 
where all symbols are defined in Figure 5-2 and m is the mass of the body. The body polar inertia 
I o  around the RA at O is, 
  I
o = I c + m ⋅rcm
2   (115) 
where I c  is the body polar inertia around the CoM. The velocity vcm  of the CoM is given by: 
RA
CM
CoP
Impact Translation Rotationabout CM
Pure Rotation: 
No Reaction
Inertia force
due to translation
Inertia force
due to rotation
CM
CoP
IP
O (RA)
m I c
vcmrcm
rcop
rl
Fimp
φ
θ
Ny
Nx
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  vcm = !θ ⋅rcm   (116) 
The impact point is located at distance 
 
 
l = lcop + r = rcop + rcm( ) + r  (117) 
from point O, where r  is the deviation of IP from the CoP (negative if the deviation is towards the 
CoM and positive otherwise). Integrating (112) - (114) for infinitesimal time, the forces are 
transformed into corresponding impulses and the accelerations into corresponding velocities, e.g. 
for the reaction force Nx  , the corresponding impulse ΩNx  is 
 ΩNx = limε→0 Nx dt
0
ε
∫   (118) 
where ε  is the duration of the impact. Other variables, including the rotation angle θ  and the 
impact angle φ  , remain unchanged due to the quasi-static assumption. Therefore (112) - (114) 
become 
 
 
m ⋅vcm ⋅sinθ = ΩNy +ΩFimp ⋅cos(φ +θ )   (119) 
 
 
m ⋅vcm ⋅cosθ = ΩNx −ΩFimp ⋅sin(φ +θ )   (120) 
 
 
Io ⋅ !θ = ΩFimp ⋅ l ⋅sinθ ⋅cos φ +θ( )−ΩFimp ⋅ l ⋅cosθ ⋅sin φ +θ( )⇒
⇒ Io ⋅ !θ = ΩFimp ⋅ l ⋅ sinθ ⋅cos φ +θ( )− cosθ ⋅sin φ +θ( )⎡⎣ ⎤⎦⇒
⇒ Io ⋅ !θ = −ΩFimp ⋅ l ⋅sinφ
  (121) 
As  !θ  is the angular velocity, from (116), 
 
 
Io ⋅ !θ = Io ⋅
vcm
rcm
= −ΩFimp ⋅ l ⋅sinφ ⇒ vcm = −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ   (122) 
and replacing (122) in (120) and (121) 
 
 
ΩNx −ΩFimp ⋅sin φ +θ( )
m ⋅cosθ
= −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ ⇒
⇒ΩNx = ΩFimp ⋅sin φ +θ( )−
ΩFimp ⋅ l ⋅rcm ⋅m
Io
⋅cosθ ⋅sinφ ⇒
⇒ΩNx = ΩFimp ⋅ sin φ +θ( )−
l ⋅rcm ⋅m
Io
⋅cosθ ⋅sinφ
⎛
⎝⎜
⎞
⎠⎟
  (123) 
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ΩNy +ΩFimp ⋅cos φ +θ( )
m ⋅cosθ
= −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ ⇒
⇒ΩNy = −ΩFimp ⋅cos φ +θ( )−
ΩFimp ⋅ l ⋅rcm ⋅m
Io
⋅sinθ ⋅sinφ ⇒
⇒ΩNy = ΩFimp ⋅ −cos φ +θ( )−
l ⋅rcm ⋅m
Io
⋅sinθ ⋅sinφ
⎛
⎝⎜
⎞
⎠⎟
  (124) 
The magnitude of the impulse of the reaction force N , ΩN , is given by 
  
ΩN
2 = ΩNx
2 +ΩNy
2 = ΩFimp
2 ⋅ 1+ CID
2 − 2 ⋅CID( ) ⋅sin2 φ⎡⎣ ⎤⎦  (125) 
with 
 
 
CID =
l ⋅rcm ⋅ m
I o
 (126) 
where CID  is the Coefficient of Impact Design, a term which relates the physical characteristics of 
the body to the location of the impact. Equations are simplified using the non-dimensional impulse 
 
 
!ΩN = ΩN
2 ΩFimp
2  (127) 
Equation (125) does not depend on the beam angle θ , but depends on the angle of impact φ  and 
the impact point and body parameters due to (126). To find the CoP, the reaction impulse is set to 
zero, yielding 
 
 
!ΩN = 0 ⇔φ = ±sin
−1 2 ⋅CID −CID
2( )−1/2⎡⎣⎢
⎤
⎦⎥
= ±sin−1β  (128) 
The term in the brackets is valid for  β ≤1 , while the radicand of the square root has real values 
only for 0 < CID < 2 , and thus  β ≥1 . Therefore, the reaction impulse will be eliminated iff 
 
 
!ΩN = 0⇔β = 1⇔ CID = 1 and φ = ±π 2  (129) 
The sign is related to the force direction. Equation (129) shows the uniqueness of the CoP along 
the longitudinal axis of a beam for a rigid body. From (126), and using (115), (129) and (117) for 
r = 0  (impact occurs at the CoP), it can be found that the CoP’s location is 
 
 
CID =
l ⋅rcm ⋅m
I o
= 1⇔ rcop =
I c
rcm ⋅m
 (130) 
Equation (130) is the equation that locates the CoP of a rigid body in 2-D. Interestingly if 
rcm → 0⇔ rcop→ +∞ , i.e. the reaction forces cannot be eliminated on a statically balanced body. 
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On the other hand if rcm → +∞⇔ rcop→ 0 , i.e. on a body with all its mass concentrated at a point 
away from the RA, the CoP is at the same point. Note also from (129) and (125), that when 
φ ≠ ±π 2 , then the non-dimensional impulse cannot be eliminated fully; this is due to the fact that 
in such a case there is always an impact force component parallel to the longitudinal axis, whose 
line of action passes through O, and therefore it does not produce any moment about O. Thus it 
acts directly on the joint bearings, without leaving any margin to cancel it out. 
5.4 Center of Percussion for 3-D systems 
Consider the rigid body in Figure 5-3 whose CR is located at the spherical joint O and a force Fimp  
acting on it at an Impact Point (IP). 
 
Figure 5-3. A 3-D rigid body rotating around a spherical joint and the vectors used to derive the CoP 
conditions in the 3-D case. 
The equations of motion for the CS a :{xyz}  are 
 
 
aFo = m ⋅ a !v∑ cm = aN + aFimp   (131) 
 
 
a Mo = d dt
a Io ⋅ aω( ) = a limp × a Fimp( )∑  (132) 
where N  is the reaction force at O, Io  is the inertia matrix of the body with respect to O, Fo  and 
Mo  is the vectorial sum of forces and moments with respect to O correspondingly, vcm  is the 
linear velocity of the COM and ω  is the angular velocity of the body around O. For any CS, the 
following holds ( 13  is the 3x3 unit matrix) 
 vcm = ω × rcm   (133) 
 limp = rcm + rimp = rcm + rcop + r = lcop + r  (134) 
t
s
n
z
x
y
N
vcm
O
a: {xyz}
b: {nst}
rcm
rimp
Fimp
l imp
rcop r
l cop= rcm+ rcop
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Io = Ic + m ⋅ rcm
T ⋅rcm ⋅13 − rcm ⋅rcm
T( )  (135) 
where Ic  is the inertia matrix with respect to COM, and the vectors are defined in Figure 5-3. 
Integrating for a short duration (like in (118)) (131) and (132), and using (133) 
 m ⋅ avcm = m ⋅ ω × rcm( ) =ΩN +ΩFimp   (136) 
 
 
a Io ⋅ aω = a limp ×ΩFimp   (137) 
and performing some algebraic manipulation of (136) and (137) results in 
 a Io ⋅ aω = a limp × m ⋅ aω × arcm − aΩN( )⎡⎣ ⎤⎦   (138) 
where aΩN  is the reaction impulse at point O. 
The impact force Fimp  and the corresponding reaction force N  can be considered as the 
vectorial sum of normal components Fimp⊥  and N⊥ , and parallel components  Fimp!  and  N!  to the 
impact vector limp , irrespective of the CS. The same stands for their corresponding impulses 
therefore 
 
 
ΩFimp =ΩFimp⊥ +ΩFimp!   (139) 
  ΩN =ΩN⊥ +ΩN!   (140) 
The parallel component  ΩN! , which corresponds to the reaction of the parallel component  ΩFimp!  
can not be eliminated. This is because  Fimp!  does not produce a moment around O and its line of 
action passes through the CR. Therefore, the focus is to eliminate the ΩN⊥  due to Fimp⊥ . This 
requirement can be summarized as 
 limp ⋅Fimp⊥ = 0   (141) 
Note that (141) is valid for any CS. This condition is qualitatively similar to the angle requirement 
in (129). Using (140) in (138), and given that the cross product of parallel vectors is zero, one finds 
that, 
 a Io ⋅ aω − a limp × m ⋅ aω × arcm( ) = aΩN⊥ × a limp   (142) 
To zero ΩN⊥ , it is required that the left side of (142) must be equal to zero ( a limp ≠ 0  otherwise 
the impact occurs at the spherical joint). According to the definition of the CoP, for such a point, 
a limp = a lcop , and therefore 
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 a Io ⋅ aω = a lcop × m ⋅ aω × arcm( )⇔ a Io ⋅ aω = m ⋅ arcm × aω( )× a lcop   (143) 
During impact, the moment with respect to CS a :{xyz}  due to Fimp  is given by 
 aM = a limp × aFimp  (144) 
Thus the instantaneous axis of rotation is given by 
 tˆ =
aM
aM  (145) 
Let also unit vectors nˆ  and sˆ  normal to each other and to tˆ  so that an orthogonal CS b :{nst}  is 
formed (the nˆ  or the sˆ  correspond to any arbitrary direction on the {ns}  plane as long as they are 
perpendicular to each other and to tˆ ). The instantaneous angular velocity in this CS is then 
 bω = 0 0 ω t( )T   (146) 
It will be advantageous to write (143) as 
  
a Io ⋅ aω = m a r×cm
aω× a lcop   (147) 
where r×  is the matrix that corresponds to a cross product 
 r = x y z( )T ⇔ r× =
0 −z y
z 0 −x
−y x 0
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
 (148) 
Note however that the following applies 
  
a Io = b
a R ⋅ bIo ⋅ b
a RT   (149) 
where  a Io  is the inertia matrix with respect to the O as seen from CS b :{nst}  and  b
a R  the 
rotation matrix from CS b :{nst}  to CS a :{xyz} . The same applies also to  r
×
cm  and  
aω× . Eq. 
(147) can be written as  
 
 
a Io ⋅ aω = m a r×cm
aω× a lcop ⇒
⇒ b
a R ⋅ bIo ⋅ b
a RT ⋅ aω = m b
a R ⋅ br×cm ⋅ b
a RT ⋅ b
a R ⋅ bω× ⋅ b
a RT ⋅ a lcop ⇒
⇒ b
a R ⋅ bIo ⋅ bω = m b
a R ⋅ br×cm ⋅
bω× ⋅ b lcop ⇒
⇒ b
a R ⋅ bIo ⋅ bω − mbr×cm ⋅
bω× ⋅ b lcop( ) = 0
  (150) 
However by [139] 
 
 
det b
a R( ) = +1   (151) 
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thus the only solution for (150) is 
 b Io ⋅ bω = mbr×cm bω× b lcop   (152) 
Equation (152) using (146) and a generic inertia matrix 
 
 
bIo =
bI onn
bI ons
bI ont
bI osn
bI oss
bI ost
bI otn
bI ots
bI ott
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
  (153) 
results in, 
 ω t ⋅
b I ont +m ⋅rcm,t ⋅ lcop,n
b I ost +m ⋅rcm,t ⋅ lcop,s
b I ott −m ⋅ rcm,s ⋅ lcop,s+ rcm,n ⋅ lcop,n( )
⎛
⎝
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
= 0  (154) 
where rcm, i=n,s,t( )  and lcop, i=n,s,t( )  refer to the ith component of the corresponding vector in CS 
b :{nst} . For (143) to be valid, the column vector in (154) must be zero. The case where ω t = 0  is 
trivial (no impact occurs or the body is fixed). Therefore, (154) holds if all the following 
conditions hold: 
i) tˆ  is a principal inertia axis of the body. Then, 
 bI ont = bI ost = 0  (155) 
ii) There is symmetry in mass distribution with respect to the {ns}  plane, i.e.  
 rcm,t = 0  (156) 
iii) Using the last row of (154) and (156), the impact occurs at a point which satisfies 
  
brcm ⋅
b lcop =
bI ott ⋅m
−1  (157) 
By virtue of (134), (135) and (156) the following apply 
 brcm ⋅ brcm = rcm,s2 + rcm,n2   (158) 
 b I ott = b I ctt +m ⋅ rcm,s2 + rcm,n2( )   (159) 
so (157) becomes 
  
bI ctt ⋅m
−1 = brcm ⋅
brcop  (160) 
Equation (160) requires that the IP, the CoM and the CR should be collinear. In the planar case, tˆ  
is substituted with zˆ , and (160) reduces to (130). It is reminded that (141) should also apply. On 
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the other hand if only (141) and (160) apply, the reaction forces can be still reduced but not 
eliminated (note that in this case (160) applies for the projection of the CoM on the {ns}  plane). 
From the analysis of the 3-D case one can deduce that in order to zero the reaction forces on the 
bearings of the spherical joint, the impact should occur on certain planes, rendering the problem 
essentially planar. Therefore for the rest of this work it is assumed that the impacts occur on a 
plane, on which under ideal conditions, the reaction forces can be zeroed. 
5.5 Robustness to Parametric Uncertainties 
5.5.1 Introduction 
As it has been already described in Section 5.2, the minimization of the reaction is possible either 
in the planar case, or at specific planes in the three dimensional case. For this reason, the analysis 
here will focus to the planar case and necessary adaptations for the 3-D case will be presented 
later. 
It is interesting to examine the effects of changes in the CID  or in the angle φ  using the non-
dimensional case of (125). Figure 5-4a shows 
 
∂ !ΩN( ) ∂φ  as a function of φ . It can be seen that the 
sensitivity is highest when CID = 1 . Similarly Figure 5-4b shows  ∂
!ΩN( ) ∂CID  as a function of CID . 
It is observed that the highest sensitivity is at φ = 90o . This preliminary sensitivity analysis shows 
that deviations from the normal impact angle yield higher rate of change of the reaction forces than 
deviations from the impact location of the CoP. Therefore a system which is under impact should 
try to achieve, prior to the impact, a configuration which allows to accomplish the requirements of 
the percussion point as in (129) and if this is not achievable it should try to keep the angle of the 
impact as close to φ = 90o  as possible. However it is of interest to examine further how deviations 
of system or impact parameters affect the reaction forces. 
5.5.2 Non-dimensional analysis of the uncertainties 
To analyze further the effects of the deviation of the IP from the CoP,  !r  is defined as the non-
dimensional deviation from CoP, see Figure 5-2 
 
 
!r = rrcop
  (161) 
where r  is the distance of the impact point from CoP. Additionally the notion of the “impact 
configuration” is defined as “the set of system and impact parameters prior to an impact, 
necessary to describe the impact behaviour.” In this context the system parameters include the 
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body parameters of the CID , and the impact parameters include the impact distance  !r  and impact 
angle φ . 
  
(a) (b) 
Figure 5-4. Change rate of non-dimensional impulse as (a) Impact angle changes and (b) as the coefficient 
of impact design changes. 
Let now the maximum desired non-dimensional impulse  !ΩN  be known. One can define two 
extremes: 
a) The minimum impact angle, φmin , if and only if the impact occurs at the CoP. More specifically 
for impact at the CoP ( CID = 1), and given  
!ΩN , one can find from (125): 
 
 
!ΩN( )2 = 1− sin2φmin ⇒φmin = sin−1 1− !ΩN( )2( )1 2⎛⎝⎜ ⎞⎠⎟   (162) 
b) The maximum distance of the IP from the CoP, defined non-dimensionally by CIDmax , if and 
only if the impact force is normal to the longitudinal axis of the body (as defined by the line which 
connects the RA and the CoM). For a normal impact (φ = 90o ) and a given  !ΩN , one can find 
from (125): 
  CIDmax
± = 1± !ΩN   (163) 
Therefore the next question to be answered is for a given  !ΩN  what impact configurations 
are admissible (i.e. impact point distance and impact angle). Note that the impact angle cannot be 
zeroed, that would mean that the impact is colinear to the longitudinal axis and no reaction 
reduction measure can be applied on the joint under consideration. Also values of CIDmax+ > 2  or 
CIDmax− < 0  are of no interest, as in this case the reaction force due to the developed moment is 
larger than the impact force, see also (125). In this case the beam becomes a fulcrum. 
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Using (125) one can find the dependence of CID  to the non-dimensional impulse and the 
impact angle as, 
 
 
!ΩN( )2 = 1+ CID2 − 2 ⋅CID( ) ⋅sin2φ⎡⎣ ⎤⎦ ⇒
φ≠k⋅π ,k∍"( )
⇒ CID
2 − 2 ⋅CID − !ΩN( )2 −1( ) ⋅ sin2φ( )−1 = 0⇒
⇒ CID = 1± 1− !ΩN( )2 −1( ) ⋅ sin2φ( )−1
  (164) 
Equation (164) is being plotted for a given  !ΩN  in Figure 5-5. Every impact configuration inside 
the sketched area creates reaction force less than  !ΩN . Therefore considering the uncertainties of 
the body characteristics and the impact point – thus the CID , and the uncertainties on the impact 
angle estimation – thus the φ , one can estimate how close an impact configuration to the limits of 
the sketched area is, where the non-dimensional impulse equals  !ΩN . This way the impact 
configuration (including the errors) which is closer to the limits of Figure 5-5, is the extreme case 
of impact for the system defined. 
Another way to examine the relation between CID , φ  and  !ΩN  is by using Figure 5-6, 
where lines of constant impact angles have been drawn. The areas outside the lines of φ = 90o  
cannot be achieved. 
 
Figure 5-5. Graph of feasible impacts for a defined  !ΩN . 
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Figure 5-6. Graph of feasible impacts and example. 
5.5.3 Assessment of performance during design 
Figure 5-6 can be used also for the selection of the body parameters during the design phases of a 
system or for the performance under known impacts for a known body. More specifically, (126) is 
rewritten using (166) and (161) thus 
 
 
CID =
l ⋅ m ⋅rcm
I o
= 1+CMD ⋅ !r   (165) 
where CMD  is the Coefficient of Mass Distribution defined as the ratio between the body polar 
inertia with respect to its CoM, I c , to the body polar inertia with respect to the RA, I o . It is a 
metric of the “symmetry” of the mass distribution between the CoM and the RA. To clarify this, 
note that 
 CMD = I
c
I o =
I c
I c +m ⋅rcm2( )⇒ 0 ≤ CMD ≤1   (166) 
thus it can be seen that  
(i) as the CoM is closer to the RA rcm → 0( ) , there is larger “symmetry” in the mass 
distribution CMD = 1( )  
(ii) as the RA is further away from the CoM rcm→ +∞( ) , this “symmetry” is affected 
CMD → 0( ) .  
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As an example of the use of Figure 5-6, suppose that the control designer sets the following 
extremes for nominal operation of a manipulator during impacts: φ = 70o  and  !ΩN = 0.4 . One can 
find that for the given φ  and  !ΩN  this corresponds to point B (and C) and from the graph this 
corresponds to  CID = 0.68  (and  CID = 1.32 ). Knowing the parameters of the system, thus the  CMD , 
then the maximum deviation of the IP can be found – and eventually the acceptable level of 
uncertainty during the impact. One can recognise the following areas in Figure 5-6:  
(i) BHCEFGB is the area in which any impact is within the requirements,  
(ii) BCHB is an area in which the  !ΩN  satisfies the requirement, and at the same time 
the angle requirement is relaxed, provided however that the IP is nearer to the CoP. Finally,  
(iii) ABGA and CDEC are areas that are within the  !ΩN  requirement, but the impact 
angle must be greater than the minimum requirement. Therefore, in the case the body parameters 
are known and a controller is implemented to control the body impact configuration prior to 
impact, using the abovementioned method it is possible to assess its performance and the limits of 
its application. The more stringent the requirements are with respect to the accepted impulse, the 
more robust the controller should be. 
5.5.4 Extensions to the 3-D case 
We focus at the plane normal to the instantaneous axis of rotation tˆ  according to CS b : nst{ } , 
Figure 5-3. Therefore CID,t  is the Coefficient of Impact Design about tˆ , which relates the 
physical characteristics of the body to the location of the impact 
 CID,t =
b l ⋅ brcm ⋅m
bItto
  (167) 
where b l  is the vector which connects the IP and the RA, brcm  is the vector which connects the 
CoM and the RA, m  is the mass of the body and bItto  the body polar inertia around tˆ . 
Additionally the Coefficient of Mass Distribution about tˆ  is 
 CMD,t =
b Ittc
b Itto
  (168) 
which is the ratio between the body polar inertia with respect to its CoM around tˆ , bIttc , and the 
body polar inertia with respect to the RA around tˆ , bItto . Finally the deviation of the IP from the 
CoP  !rt  is the non-dimensional deviation from CoP 
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!rt = sgn br ⋅ brcm( ) ⋅
br ⋅ brcm
brcop ⋅ brcm
  (169) 
where br  is the vector which connects the IP with the CoP. By applying the above definitions, the 
rest of the analysis is valid for the 3-D case. 
5.6 CoP on robotic manipulators and impact compensation 
5.6.1 Derivation of dynamic equations 
To study the application of the CoP concept in robotic systems, it is useful to derive the CoP for 
multibody systems. This can be achieved using the Newton-Euler Algorithm (NEA), [25]. 
Consider two adjacent links, Figure 5-7. 
 
Figure 5-7. Free body diagram of two adjacent manipulator links. 
Note that the external impact force 
 
fimp,i  acts at the impact point (IP), which is located at  
run,i  
from the link CoM,and 
 
−rdist ,i  from the next joint i +1{ } . Also note that ircop,i  is the vector from 
the CoM to the CoP and iri  is the vector from the CoP to the IP. The rest vectors are defined in 
Figure 5-7. In this work the equations are used in the following form 
 
 
i !vC ,i =
d
dt
iω i ×
i rC ,i +
i v i( )  (170) 
 
 
i Fi = mi ⋅
i !vC ,i  (171) 
 
 
i Mi =
d
dt
C ,i I i ⋅
iω i( )  (172) 
  
i fi =
i R i+1 ⋅
i+1fi+1 −
i fimp,i +
i Fi  (173) 
fi
f imp,i
F
i
Ni
n
i
{i}
{i+1}
f i+1
ni+1
rdist,i
run,i
rimp,i
rc,i
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i ni =
i Mi +
i R i+1 ⋅
i+1ni+1 +
i rC ,i ×
i Fi +
i ri+1 ×
i R i+1 ⋅
i+1fi+1 −
i rimp,i ×
i fimp,i  (174) 
Also 
  
i rimp,i =
i rC ,i +
i run,i  (175) 
  
i ri+1 =
i rC ,i +
i run,i +
i rdist ,i  (176) 
 i run,i = i rcop,i + i ri   (177) 
Equations (170) - (174) are integrated for infinitesimal time to yield, 
 
 
C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ − i PC,i × iΩF,i
− i PC ,i +
i Pun,i +
i Pdist ,i( )× i+1i R ⋅ i+1Ωf ,i+1 + i PC ,i + i Pun,i( )× iΩf,ex,i
= i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × iΩf,ex,i − iΩF,i − i+1i R ⋅ i+1Ωf ,i+1( ) +
+ i Pun,i ×
iΩf,ex,i − i+1
i R ⋅ i+1Ωf ,i+1( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) + i Pun,i × iΩF,i − iΩf ,i( )−
− i Pdist ,i × i+1
i R ⋅ i+1Ωf ,i+1
 (178) 
and 
 
 
C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) +
i Pun,i × mi ⋅
i uC,i −
iΩf ,i( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1 ⇒
⇒ C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) +
+ i Pun,i × mi ⋅
iω i ×
i PC ,i +
i ui( )− iΩf ,i( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1
  (179) 
Algebraic elimination of a number of terms from (179) using (170) - (173) and (175) - (177) and 
integration of (179) yields 
 
 
irC ,i +
irun,i( )× iΩf ,i =
= ircop,i +
iri( )× mi ⋅ iω i × irC ,i( )− C ,iI i ⋅ iω i⎡⎣ ⎤⎦
A
! "######## $########
− irdist ,i ×
i R i+1 ⋅
i+1Ωf ,i+1⎡⎣ ⎤⎦
B
! "#### $####
+
+ irun,i × mi ⋅
i v i( )⎡⎣ ⎤⎦
C
! "## $###
+ i ni −
i R i+1 ⋅
i+1ni+1( )∫⎡⎣ ⎤⎦
D
! "#### $####
 (180) 
where iΩ f ,i  is the reaction impulse at joint i{ } . 
To obtain iΩ f ,i = 0 , the right side of (180) must be zero. In the case where the rotational 
joints are free (no friction is also assumed), D = 0 . Due to the quasi-static assumption, C = 0 . 
For a robot with N links two cases are possible: 
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i) The joint is at the last link of the robot i = N( )  - then B = 0 . Using (135) and (152) the 
following applies 
 C ,i Ii ⋅ iω i = i rcop,i ×mi ⋅ iω i × i rC ,i( )   (181) 
so, for (180) to apply the following must hold 
 
 
iri × mi ⋅
iω i ×
irC ,i( ) = 0   (182) 
or in other words,  
iri  must be zero and the impact occurs at the CoP. If this is not the case, 
reaction forces develop, as already discussed in Section 5.3. 
ii) In the general case where i ≠ N( ) , the following must apply 
 
 
ircop,i +
iri( )× mi ⋅ iω i × irC ,i( )− C ,iI i ⋅ iω i⎡⎣ ⎤⎦
A
! "######## $########
− irdist ,i ×
i R i+1 ⋅
i+1Ωf ,i+1⎡⎣ ⎤⎦
B
! "#### $####
= 0   (183) 
In this case A − B = 0 . This means that in case simultaneously the reaction from joint i +1{ }  and 
an impact force 
 
fimp,i  act directly on link i{ } , then it is possible to eliminate the reaction at joint 
i{ }  if A = B . However a more common and thus interesting situation is the one at which the 
impact force acts on the end effector (link N) only, and the previous rotational joints i < N{ }  
must cope with the reaction forces which propagate from their succesive joints i +1{ } . In this case 
it is easy to see that if the joint i +1{ }  is on the CoP of link i{ }  then irdist ,i = iri = 0  and thus 
A = B = 0 . 
The above analysis concludes that in order to minimize reaction forces on joint bearings, it is 
best to position the revolute joints on the CoP of the previous link, while the impact should occur 
at the CoP of the last link.  
Summarizing the previous analysis and setting D ≠ 0 , (180) can be zeroed if the following 
applies 
 
 
iri × mi ⋅
iω i ×
irC ,i( ) + i ni − i R i+1 ⋅ i+1ni+1( )∫ = 0   (184) 
where iri  is the distance of the joint i +1{ }  (or the IP for the last link, normally this is the point of 
the end effector) from the CoP of link i{ } . Ιn case link i{ }  is subject to several impacts including 
the reaction of joint i +1{ } , (184) is valid by using the vectorial sum of all impact forces at a 
distance iri  and a corresponding external momentum which will be added in the integral. 
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5.6.2 Impact Compensation using CoP (IC2) 
In case the rotational joints are not free, (184) can be used to examine if the reaction forces can be 
reduced by motor actuation. First the case where the joints are completely frictionless is examined. 
The ini  is substituted with incop,i  for convenience, therefore from (184) the following should 
apply 
 
 
i ncop,i = −∫
iri × mi ⋅
iω i ×
irC ,i( ) + i R i+1 ⋅ i+1ni+1( )∫   (185) 
Derivation of (185), noting that for this small fraction of time only the angular velocity and 
the impulse are affected, gives 
 
 
i ncop,i = −
iri × mi ⋅
i !ω i ×
irC ,i( ) + i R i+1 ⋅ i+1ni+1   (186) 
where it is repeated for convenience that iri  is the distance of the joint i +1{ }  or the IP from the 
CoP of link i{ } . Note that if i = N , therefore i{ }  is the last link on the robotic arm, then (186) is 
simplified 
 
 
i ncop,i = −
iri × mi ⋅
i !ω i ×
irC ,i( )   (187) 
whereas if i ≠ N  but joint i +1{ }  is located on the CoP of link i{ } , then 
 
 
i ncop,i =
i R i+1 ⋅
i+1ni+1   (188) 
Equations (186) - (188) provide the necessary motor torque in order to compensate an impact 
which occur on a point different than CoP at the last link and to compensate the reaction forces 
propagation by the succesive joints. Note that in the case of the space robot base an equal torque to 
the torque applied to the next joint must be applied by the actuators of the base, otherwise due to 
the dynamic coupling and the reactive motion of the base, reaction forces are developed on joint 
1{ }  which back-propagate. That is the controller must be applied to all rotational joints including 
the base. Naturally (186) - (188) cannot provide any compensation for the component of the force 
whose line of action passes through the joint position. 
Additionally it is important to consider than in order for (186) - (188) being effective, and 
regarding the fact that the impact is a process with fast dynamics, it is necessary to compensate 
joint friction. Otherwise the compensation torque based on the CoP will not add or substract the 
necessary amount of moment, because the friction will create an unwanted moment opposing the 
motion induced by the motor. Many friction models have been proposed in the literature, such as 
[5] and [119]. To this end the motor must apply a friction compensation torque in each joint, [114]. 
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More specifically, the motor of each joint must provide a torque  
i ni  which generally is of the 
form 
 
 
i ni =
i ncop,i +
i n fr ,i   (189) 
where incop,i  is the control torque already calculated in (186) - (188) and in fr ,i  is the 
compensation for the joint friction. 
The proposed controller acts during the impact, whereas after the zeroing of the external 
impact force (and thus the impact reaction on the joints), the control system switches to the normal 
system controller (e.g. model based controller which tries to move the end effector to a particular 
position), Figure 5-8. 
In order to implement the IC2 controller the following scheme is proposed. Let a space robot 
with equation of motion  
  τ = M ⋅ !!q+ V(q, !q)+ J
T ⋅F   (190) 
where  q  is the vector of joint variables, τ  is the vector of all actuator forces and torques,  M  is 
the configuration dependent mass matrix,  V(q, !q)  is the vector of nonlinear velocity terms and 
 J
T ⋅F  corresponds to the effect of external impact forces  F  to each joint,  
The proposed IC2 controller acts during the impact, whereas after the zeroing of the external 
impact force (and thus the impact reaction on the joints), the control system switches to the normal 
system controller (e.g. model based controller which tries to move the end effector to a particular 
position), Figure 5-8. 
Thus the proposed procedure is two-part. In the beginning the robot motion is controlled e.g. 
by a model based controller, where an acceleration  !!q
*  is calculated 
 
 
!!q* = !!qd +K d ⋅ !qd − !q( ) +K p ⋅ qd − q( )   (191) 
where  qd , !qd , !!qd  are the desired position, velocity and accelaration of all degrees of freedom in 
vectorial form and Kd ,K p  are the gain matrices for derivative and proportional control. Therefore 
the necessary torques are given by 
  τ = Mˆ ⋅ !!q
* + Vˆ(q, !q)   (192) 
where Mˆ,Vˆ  are matrices with the estimates of mass and nonlinear velocity terms. The exact 
procedure of model based control is out of the scope of this work, the interested reader may consult 
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the literature, [25]. As the impact occurs, the torques of the motors are substituted by (189) which 
in turn are calculated by (186) - (188). 
 
Figure 5-8. Block diagram of Impact Compensation using CoP (IC2). 
After each impact, the systems under impact are separated. Then the chaser will reach again 
the target (due to the inertia of the masses and their initial relative velocity) using (192) and 
another impact will occur. This can be repeated several times, [30], until the impacts are below a 
threshold where another control scheme (e.g. Impedance Control) can be used effectively. The 
proposed IC2 controller can be used for all these impacts in order to reduce their negative results: 
(i) reduce the impact reaction forces on the joints and (ii) reduce the tendency to separate the 
chaser from the target. 
As the impact is a process with fast dynamics, it is necessary to have a high performance 
motor drive in order to incorporate fast torque control. It is of high importance the control 
calculations to be as few and as fast is possible – it is of no meaning to develop a control algorithm 
which would require considerable time for calculations, comparable to the duration of the impact. 
The proposed method requires few and fast calculations, thus it is not computationally difficult to 
get implemented. By design, values as lengths, masses and inertia are known therefore in order for 
(186) - (188) to get implemented, an encoder on each joint and a force sensor on the last link N (to 
detect the impact) is required. 
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A final word relating to the knowledge of the IP point is considered necessary. For (186) and 
(187), iri  (the distance of the joint i +1{ }  or the IP from the CoP of link i{ } ) is required. In 
practice one can establish two cases: (a) the IP is known a priori and (b) the IP is unknown. In the 
first case the IP is known by design (or by a priori planning); as a result the equations can be used 
with this known value and any discrepancies due to inaccurate IP calculation can be low – the 
accepted inaccuracies can be estimated by the procedure of Sec. 5.5. In the second case a system 
which will detect quickly the IP to feed its value to the equations is required. Many researchers are 
working on the field and some notable works can be found in the literature, [7], [18] and [19]. 
Naturally these methods, even though they are fast and can be used in real time, add a small delay 
to the calculations, however this is out of the scope of this work. 
5.7 Implementation Guidelines 
As in space robotic applications revolute joints are used commonly, here the focus is on such 
joints. Hence a number of guidelines to exploit the CoP using revolute joints are presented. First 
the case of free joints or joints which can be disengaged from their actuation rendering them 
essentially free, are examined. The following guidelines apply: 
i. An impact should occur as near as possible to the measured CoP and at normal angle with 
respect to longitudinal axis which is defined by the RA (2-D Case) or RP (3-D Case) to the 
IP. To this end, the robotic system must prepare itself for the impact. The equations which 
describe the use of CoP are summarized by (141), (155), (156) and (160). 
ii. Axes of revolute joints should be normal to each other at the moment of the impact, see 
(129) and connected at their CoP, see (180) (assuming the latter property is achievable). 
iii. To filter an impact in 2-D systems, two revolute joints are needed, while in the 3-D case, 
three revolute joints are needed, each corresponding to each component of the impact 
force. 
iv. In the presence of uncertainties the configuration with successive normal links and normal 
impact angle gives the best results, due to the fact that this configuration can gradually 
filter most of the residue components of the impact force. 
Next the case of joints engaged with actuation is examined. For such joints the following 
guidelines also should apply: 
v. In case of an impact at a point different from the CoP, an additional torque, computed 
using (186) - (188), should be applied to all rotational joints including the base. 
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vi. In conjunction with guideline (v), the controller should apply the necessary torque to 
cancel friction. 
5.8 Simulation Results 
5.8.1 Planar Space Robot with Free Joints 
The first set of simulations refers to planar systems “A” and “B”, Figure 5-9, which consists of a 
thruster-equipped base, able to make x − y  translational planar and rotational motions. Table 5-1 
and Table 5-2 displays the physical properties of the systems, including the position of CoP for the 
two rotational links. Simulations were run by changing various parameters: (a) impact position on 
link 5, (b) impact angle, (c) position of joint 5 on link 4 and (d) initial angles of joints q2  and q3 . 
Both joints are free to rotate. The impact duration is 0.01s, and the magnitude is set equal to 10kN. 
In order to make more convenient the comparison of impact configurations, forces were plotted 
instead of impulses. Also, the plots present the force components on the local coordinate frame of 
each joint, i.e. the normal component of the impact force is parallel to the yi  axis of the local CS 
of link i{ } . 
Table 5-1. Physical characteristics of planar system “Α”. 
Link Mass (kg) Inertia(kg-m2) Joint length (m) CoM (m) CoP (m) 
1 0 0 0 0 - 
2 0 0 0 0 - 
3 400 66.67 1 0 - 
4 40 3.33 1 0.5 0.67 
5 30 2.5 1 0.5 0.67 
 
Table 5-2. Physical characteristics of planar system “Β”. 
Link Mass (kg) Inertia(kg-m2) Joint length (m) COM (m) CoP (m) 
1 0 0 0 0 - 
2 0 0 0 0 - 
3 300 50 - 0 - 
4 30 3.33 1 0.3 0.67 
5 20 2.5 1 0.3 0.72 
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(a) 
 
(b) 
Figure 5-9. The 2-D Space System and its DOFs used in simulations (a) Type “A” and (b) “Type “B”. 
Figure 5-10 presents the reaction forces after the impact at link 5 of system Type “A”: (a) 
on joint 5 changing the point of impact on link 5, (b) on joint 5 changing the angle of impact on 
CoP of link 5, and (c) on joint 4 when the impact angle is 60o and the position of the rotational 
joint 5 varies on the link 4 (which is always normal to link 5). As shown in Figure 5-10a, the local 
reaction force is almost eliminated when the impact is located on the CoP, whereas in Figure 
5-10b, the reaction force is almost eliminated when the impact angle is normal to link 5. Note that 
after the impact (i.e. after the 1.01s) the reaction forces may vary, however this is solely due to the 
post-impact free motion and the consequent dynamic coupling between the bodies. Similarly in 
Figure 5-10c, the reaction force in joint 4 is almost zeroed when the location of the joint 5 is in the 
CoP of link 4. These results validate the use of CoP notion in order to minimize the reaction 
impulses. More specifically it can be seen that when the impact occurs on the CoP with a normal 
angle, the reactions during the impact are minimized, thus the system has a more smooth 
behaviour. Similarly when the impact is not normal, the configuration where the joint 5 is on the 
CoP of link 4 filters the component of the impact which cannot be minimized from joint 5, that is 
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the component which is parallel to link 5. On the other hand when the impact does not occur on the 
CoP and/or with normal angle, there is always a residue reaction force propagating to the next link 
and eventually the robot base.  
(a) 
(b) 
(c) 
Figure 5-10. Reaction forces on local coordinates of joint 5 of planar system Type “A” for alternating a) 
different impact point and b) different impact angle and c) reaction forces on local coordinates of joint 4 for 
alternating joint 5 position. 
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Similar results can be seen for planar system Type “B” in Figure 5-11. 
 
(a) 
 
(b) 
 
(c) 
Figure 5-11. Reaction forces on local coordinates of joint 2 of planar system Type “B” for alternating a) 
different impact point and b) different impact angle and c) reaction forces on local coordinates of joint 1 for 
alternating impact angle. 
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Figure 5-12 presents the motion of the robotic system with free joints after impact for (a) a 
non-ideal configuration and (b) an ideal one with the two links normal to each other, and the force 
acting at the CoP normal to the final link. Both simulations last for 1.2s and refert to the planar 
system Type “A”. At final time, the CoM of base has translated 0.22m in the first case and 0.12m 
in the second case. The relatively fast link motion is due to the applied impact force and the system 
mass properties, which were selected for illustrative purposes. The response will be slower or 
faster depending on these values, but qualitatively similar. Again the use of the ideal configuration 
allows the system to filter the reactions, thus the magnitude of the force which propagates to the 
robot base is less which in turn translates the system for a smaller distance from the starting point 
in contrast with the distance travelled when the impact occurs on the non-ideal configuration. 
(a) 
 (b) 
Figure 5-12. Motion snapshots of the 2-D system with free joints following impact. (a) non-ideal impact 
configuration, (b) ideal impact configuration. 
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5.8.2 3-D 3R system 
The next set of simulations presents a 3R PUMA-like robot with free joints. The joint axis of the 
first joint is at 90o with respect to the second one, which is parallel to that of the third joint, see 
Figure 5-13. That is, it inherently satisfies guideline (a). The properties of the system are presented 
in Table 5-3. The manipulator is fixed on a large base, e.g. ISS. The reaction forces on the 
bearings of joints and the reaction on the base are of interest. The impact force is 
Fimp = [1 11]T kN , ||Fimp ||= 1.732kN ,  with duration 0.01s. 
Figure 5-14 presents the results for two different setups; the blue dotted line presents a 
configuration, where all joints are located at the CoP of links (denoted by C, C, C) and the initial 
angles are (q1,q2,q3) = (0o,0o,90o ) . The red solid line presents a random setup with joints at the 
tip of each link (denoted by 1, 1, 1) and initial angles (q1,q2,q3) = (0o, 30o, 45o ).  
 
Figure 5-13. The 3-D RRR robotic system under evaluation. 
Table 5-3. Properties of 3R-3-D system under evaluation. 
Link Mass (kg) Inertia(kg-m2) Joint length (m) CoM(m) CoP (m) 
1 10 1 1 0.2 0.5 
2 20 2.5 1 0.3 0.417 
3 5 0.5 1 0.15 0.667 
 
Table 5-4 presents the magnitude of reaction forces per joint for some characteristic configurations 
and impact points or joint positions. As both Figure 5-14 and Table 5-4  show, the use of the CoP 
has advantages. In Figure 5-14 one may observe that at joint 1 (base) the forces developed are 
much lower when the guidelines are satisfied. However they are not zero due to the dynamic 
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coupling between links and joints 1 and 2. This can be seen also in the third and fourth cases of 
Table 5-4, where the third link has the same setup (impact on the CoP) but different magnitudes 
have been found. Still the configuration with normal links and impacts on the CoP minimizes the 
impulse reactions at the base. 
 
Figure 5-14. Reaction forces for the 3R in two dinstict configuration cases. 
Table 5-4. Max reaction forces (absolute values) as a function of configuration & joint location. 
Config. !  
Joint Ang. !  
Joint Loc. !  
1st Case 
(0o, 0o, 0o) 
(1, 1, 1) 
2nd Case 
(0o, 0o, 0o) 
(1, C, C) 
3rd Case 
(0o, 0o, 90o) 
(1, 1, C) 
4th Case 
(0o, 0o, 90o) 
(C, C, C) 
Joint 1 (N) 1583 1390 419 310 
Joint 2 (N) 1520 1337 355 220 
Joint 3 (N) 1307 1260 838 997 
 
5.8.3 Planar Space Robot with IC2 
In order to examine the performance of the IC2 controller, a set of simulations was run based on the 
planar robotσ of Figure 5-9 (both types). However, in this case the impact occurred on the end-
effector at time t=1s with duration 0.1s and magnitude in all cases 100N. In the first case of Type 
“A”, three different configurations were examined: (i) A configuration with links, joints and 
impact positions at random positions and free joints (in this case q2 = −80o , q3 = 85o , position of 
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joint 5 at 0.9m and IP 0.85m) (ii) A configuration with the same setup as in case (i) but this time 
with the use of the IC2 and finally, (iii) A configuration with all links normal and joint and impact 
positions at the end of each link and the use of the IC2 (that is q2 = −90o , q3 = 90o , position of 
joint 5 at 1m and IP 1m). 
For the application of IC2 (186)-(188) were used and the friction compensation was 
supposed to be ideal in order to examine the validity of the impact compensation part of the 
controller. As it can be seen in Figure 5-15, the use of IC2 reduces the reaction forces, without 
requiring large computational burden – this is critical as it can be applied within the duration of the 
impact. However it is important that the impact will occur with an ideal configuration (links 
normal to each other, impact angle normal, impact point near the CoP), as it will reduce motor 
torques requirements considerably – large deviations will increase the force components that 
cannot be compensated (i.e. components parallel to the longitudinal axis of the link) or the motor 
torque requirements to saturation levels. 
In this case of Type “B” planar robot, the impact occurred on the end-effector at time t=0.5s 
with duration 0.1s and magnitude in all cases 100N. For the application of IC2 (186)-(188) were 
used and the friction compensation was supposed to be ideal in order to examine the validity of the 
impact compensation part of the controller.  
During the simulations, the robot has the two links in normal configuration (thus q1 = −90o  
and q2 = 90o ). Joint 1 is located at the tip of link 1 (thus further from the CoP) and the impact 
occurs at various points on link 1, with normal direction to the longitudinal axis of link 2, as the 
guidelines suggest. As it can be seen in Figure 5-16 where the impact occurs at the tip of link 2 
(thus the IP is at 1m), the use of IC2 reduces the reaction forces, without requiring large 
computational burden – this is critical as it can be applied within the duration of the impact. 
However it is important that the impact will occur with an ideal configuration (links normal to each 
other, impact angle normal, impact point near the CoP), as it will reduce motor torques 
requirements considerably – large deviations will increase the force components that cannot be 
compensated (i.e. components parallel to the longitudinal axis of the link) or the motor torque 
requirements to saturation levels.  
Finally in Figure 5-17 shows the required motor torques during impact at different IPs. As 
the IP is further from the CoP with respect to the CoM the required torque has clockwise direction, 
while as it the IP is between the CoP and the CoM it becomes counter-clockwise (note that the 
direction of the torque depends on the direction of the impact force). It is interesting that near the 
CoP the torque is almost zero (not exactly zero, as the links start to rotate and thus a torque is 
applied).  
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(a) 
(b) 
(c) 
Figure 5-15. Demonstration of the IC2 controller for planar system Type “A”: (a) Reaction forces on joint 4, 
(b) Reaction forces on joint 5 and (c) Motor torques on all joints for case (iii). 
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(a) 
 
(b) 
Figure 5-16. Demonstration of the IC2 controller for planar system Type “B”: (a) Reaction forces on joints 1 
& 2 if the robot has free joints or uses IC2, (b) Motor torques on all joints and base’s reaction wheel for the 
case the IC2 is used.. 
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Figure 5-17. Motor torques on all joints and base’s reaction wheel using IC2 for different IP for planar 
system Type “B”. 
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6 Conclusions and Future Work
6.1 Conclusions 
The research in this work focuses on mitigating the effects of impacts between an orbital robotic 
system (Chaser) and a (usually uncooperative) satellite or space debris (Target). To this end, in this 
work three particular aspects of the impact process are examined: effective simulation of impacts, 
correct modelling of impacts of free floating systems and analysis of the effects of inertia and 
stiffness parameters and mitigation of impact effects by exploiting the Center of Percussion. 
The research studied first the currect methods of modeling impacts. The current methods, 
such as the rigid body theory, the viscoelastic theory and the FEM, although used in many 
applications, have their limitations. A fast and accurate method that could describe the 
deformations that may occur during an impact was necessary. By using concepts from other fields 
of engineering, a novel impact model was proposed and developed which displays viscoplastic 
characteristics. This viscoplastic model shows qualitative similarity with experimental results 
found in the literature. This model can efficiently describe a large number of interactions that occur 
in robotics, not only in space but also in terrestrial applications. At the same time a parameter 
named Coefficient of Permanent Deformation has been introduced, which describes the 
deformations that can occur on a viscoplastic material, taking into account complex behaviours 
like compaction and cratering. 
The current methods of describing the impacts between systems of bodies in free-floating 
environment are analyzed. It is shown that current methods are simple due to the fact that usually 
one of the bodies is much larger than the others. It can be found analytically that during impacts 
what is important is not the absolute value of the masses of the systems that come into contact, but 
the ratio of the masses involved. By using simple but realistic assumptions, an analysis is 
developed which shows the dependence on mass ratios. For this reason the ratio of effective masses 
which can quantitatively describe the behaviour of systems under impact is introduced, taking into 
account the ratio of all masses during any impact. By using this ratio, a way to assess the post-
impact relative velocity knowing only the pre-impact relative velocity is presented. Using these 
elements, a method to determine the minimum relative velocity before impact in order to achieve 
docking was proposed. 
Additionally, ways to mitigate the effects of impacts during operations like docking were 
examined. For this reason, a known notion from dynamics, the Center of Percussion (CoP) is used. 
After a brief introduction of the CoP for 2-D, the analytical extension of the CoP concept in 3-D is 
presented. It is shown that one can analyse the CoP in 3-D similarly as in 2-D (plane), if and only 
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if some specific characteristics of the body under impact apply. A non-dimensional sensitivity 
analysis of the CoP effects follows. More specifically, the effects of inaccurate parameters in the 
systems under impact using the CoP theory are presented and methods are proposed for their 
mitigation during the design of a manipulator and/or its controller. Finally the Impact 
Compensation using the CoP (IC2) controller, which takes advantage of the CoP theory to reduce 
(theoretically eliminate) the reaction forces on the manipulator joints is proposed. A number of 
simulations demonstrate the validity of the concepts. 
6.2 Future Work 
This work presented a study of the impacts in free floating systems for tasks like grasping or 
docking. Besides the presented results, a number of open issues in this field of robotics exists. 
The proposed viscoplastic model has been tested in simulations of various applications such 
as in space or in the demanding task of impacts during foot-terrain interactions. This model can be 
further exploited by adding the effects of friction and by assessing its performance to even more 
complex environments like those of granular soils. This would require both analytical 
developments and also correlation with experimental results. Particularly interesting is to 
determine experimentally the values of the Coefficient of Permanent Deformation for various 
materials and not rely on existing experimental results. Additionally, a method to determine the 
deformation of each body during an impact (and not the total deformation of both bodies under 
impact only) would add further to the realism of the model and understanding on the physical 
phenomena that undergo during impacts. An analytical determination of the energetic coefficient 
of restitution for the impact model would be also useful. Incorporation of all these results to a 
method for connecting the values of soil characteristics used in static experiments (like cohesion) 
with values of soil charactersitics in dynamic experiments (i.e. stiffness and damping) would 
provide a great research tool for simulating efficiently various soils under different impact types. 
The modeling of impacts between multibody systems gave rise to several interesting insights 
for the behaviour of the robotics systems in space as they come into contact. However a 
generalisation of the analysis by incorporating the effects of springs and dampers would further 
deepen the understanding of impacts. Another interesting point would be a generalisation of the 
coefficient of effective masses for use on multibody systems with more than two bodies per 
system, when there are several points with compliance of equal magintude. The development of 
analytical methods to derive the minimum and maximum velocities of impact in order to achieve 
latch, and the non-dimensionalization of the parameters which are included in the process is also a 
work that has further potential. Whether this method will be analytical or numerical however is an 
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open question. The development of the CSL space emulator will allow to study the impact 
behaviour and test the theoretical analysis, fine-tuning it. 
Finally there was an extensive analysis of the CoP in 2-D and 3-D, the study of their 
parametric sensitivity, and the development of IC2 controller. This field seems to have great 
potential not only in space but also in terrestrial applications. It would be interesting to find loci 
with same non-dimensional impulse percentages (apparently non-zero percentages) in the 3-D 
case. Next the controller could be further studied focusing on various effects that have not been 
examined here, such as friction, gears and non-backdrivability (or limited backdrivability) of many 
manipulators, control digitization, etc. 
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Appendix A 
A-1 Effective Values, Spring and Damping Constants 
During the development of various engineering equations, it is common to encounter equations of 
the following type 
 < value>eff =
< value1 > ⋅< value2 >
< value1 >+< value2 >
  (193) 
where < valuei >,i=1,2  is a value of some kind. 
Especially during the analysis of impacts one can find (193) during the description of the 
coupling or interaction of masses. For this reason this equation shall be analysed further. For 
clarity the < valuei >  shall be replaced by mass. Therefore for two masses m1  and m2  which are 
under impact or connected by a compliant element, their effective mass is 
 meff =
m1 ⋅m2
m1+m2
  (194) 
It is more interesting to see the behaviour of meff  if in (194) m1  is replaced by 
 m1 =λ ⋅m2   (195) 
where λ  is a ratio of the two masses. Using (195) in (194) it can be found 
 meff =
λ ⋅m2
λ+1   (196) 
As it can be seen in (196), as the ratio λ  tends to zero the effective mass tends to zero, and as it 
tends to infinity the effective mass tends to m2 , thus 
 
m1 <<m2 ⇒
m1 >>m2 ⇒
lim
λ→0meff = 0
lim
λ→+∞
meff =m2
  (197) 
The derivative of (196) is 
 
dmeff
dλ =
m2
λ+1( )2 >0   (198) 
thus (196) is strictly increasing. Finally interestingly for λ =1   
 λ =1⇔m1 =m2 =m⇔meff =
m
2  (199) 
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Due to (197) and (198), it can be concluded that the maximum value of the effective mass 
cannot be higher than the smaller mass (the conclusion applies also to any other effective value). 
This last remark plays an important role in this work. 
A-2 Springs and Dampers in series and in parallel 
If two springs with spring constants k1,k2  are connected in series the total spring constant keq  is  
 keq =
k1 ⋅k2
k1+ k2
  (200) 
which means that in case k1 >> k2  then  keq ! k2 , or in other words the softer spring dominates.  
If two springs with spring constants k1,k2  are connected in parallel the total spring constant 
keq  is  
 keq = k1+ k2   (201) 
which means that in case k1 >> k2  then  keq ! k1 , or in other words the harder spring dominates. 
If two dampers with damping coefficients c1,c2  are connected in series the total spring 
constant ceq  is  
 ceq =
c1 ⋅c2
c1+c2
  (202) 
which means that in case c1 >> c2  then  ceq ! c2 , or in other words the damper with the lower 
coefficient dominates. 
If two dampers with damping coefficients c1,c2  are connected in parallel the total spring 
constant ceq  is  
 ceq = c1+c2   (203) 
which means that in case c1 >> c2  then  ceq ! c1 , or in other words the damper with the higher 
coefficient dominates. 
 
 Appendix B 
In this appendix the Simulink block diagrams used in Sec. 4 and 5 are briefly presented. In Figure B-1 the two-bodies systems of Sec. 4.5 are depicted by 
separate blocks, Figure B-2. Their interaction forces are calclutated, depending on their positions and velocities according to Figure B-3.  
In Figure B-4 the simulink block diagram for the systems in Sec. 5.8 is presented. 
 
Figure B-1. Simulink block diagram of the simulated interaction of the two two-bodies systems. 
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Figure B-2. Simulink block diagram of the Chaser two-body system. A similar block diagram for the Target system has been developed. 
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Figure B-3. Simulink block diagram for the calculation of the interpenetration forces during impact. 
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Figure B-4. Simulink block diagram used in the CoP analysis. By changing the MATLAB Function the different systems have been described. 
 Appendix C 
C-1 Dynamic Model of the Planar Space System 
In this section the matrices for the dynamic model of the planar system are presented. 
% Mass Matrix 
M = [ m1 + m2 + m3,... 
    0,... 
    -1 * m2 * sin(x(3) + x(4)) * lCoM2 - m3 * sin(x(3) + x(4) + x(5)) * lCoM3 - m3 * 
sin(x(3) + x(4)) * link2 - (m2 + m3) * sin(x(3)) * link1,... 
    -1 * m3 * sin(x(3) + x(4) + x(5)) * lCoM3 - sin(x(3) + x(4)) * (m2 * lCoM2 + m3 * 
link2),... 
    -1 * m3 * sin(x(3) + x(4) + x(5)) * lCoM3 ; 
    0, m1 + m2 + m3,... 
    m2 * cos(x(3) + x(4)) * lCoM2 + m3 * cos(x(3) + x(4) + x(5)) * lCoM3 + ... 
    m3 * cos(x(3) + x(4)) * link2 + (m2 + m3) * cos(x(3)) * link1, ...     
    m3 * cos(x(3) + x(4) + x(5)) * lCoM3 + cos(x(3) + x(4)) * (m2 * lCoM2 + m3 * link2), 
... 
    m3 * cos(x(3) + x(4) + x(5)) * lCoM3 ; 
    -1 * m2 * sin(x(3) + x(4)) * lCoM2 - m3 * sin(x(3) + x(4) + x(5)) * lCoM3 - m3 * 
sin(x(3) + x(4)) * link2 - (m2 + m3) * (sin(x(3)) * link1),... 
    m2 * cos(x(3) + x(4)) * lCoM2 + m3 * cos(x(3) + x(4) + x(5)) * lCoM3 + m3 * cos(x(3) + 
x(4)) * link2 + (m2 + m3) * (cos(x(3)) * link1), ... 
    L133 + L233 + L333 + m2 * lCoM2^2 + m3 * (lCoM3^2 + 2 * cos(x(5)) * lCoM3 * link2 + 
link2^2) + 2 * m3 * cos(x(4)) * link2 * link1 + 2 * m2 * lCoM2 * (cos(x(4)) * link1) + 2 * 
m3 * lCoM3 * (cos(x(4) + x(5)) * link1) + (m2 + m3) * (link1^2),... 
    L233 + L333 + m2 * lCoM2^2 + m2 * lCoM2 * (cos(x(4)) * link1) + m3 * (lCoM3^2 + link2 * 
(link2 + cos(x(4)) * link1) + lCoM3 * (2 * cos(x(5)) * link2 + cos(x(4) + x(5)) * link1)), 
... 
    L333 + m3 * lCoM3 * (lCoM3 + cos(x(5)) * link2 + cos(x(4) + x(5)) * link1); 
    -1 * m3 * sin(x(3) + x(4) + x(5)) * lCoM3 - sin(x(3) + x(4)) * (m2 * lCoM2 + m3 * 
link2),... 
    m3 * cos(x(3) + x(4) + x(5)) * lCoM3 + cos(x(3) + x(4)) * (m2 * lCoM2 + m3 * link2), 
... 
    L233 + L333 + m2 * lCoM2^2 + m2 * lCoM2 * (cos(x(4)) * link1) + m3 * (lCoM3^2 + link2 * 
(link2 + cos(x(4)) * link1) + ... 
    lCoM3 * (2 * cos(x(5)) * link2 + cos(x(4) + x(5)) * link1)),... 
    L233 + L333 + m2 * lCoM2^2 + m3 * (lCoM3^2 + 2 * cos(x(5)) * lCoM3 * link2 + 
link2^2),... 
    L333 + m3 * lCoM3 * (lCoM3 + cos(x(5)) * link2); 
-m3 * sin(x(3) + x(4) + x(5)) * lCoM3,... 
    m3 * cos(x(3) + x(4) + x(5)) * lCoM3,... 
    L333 + m3 * lCoM3 * (lCoM3 + cos(x(5)) * link2 + cos(x(4) + x(5)) * link1),... 
    L333 + m3 * lCoM3 * (lCoM3 + cos(x(5)) * link2),... 
    L333 + m3 * lCoM3^2 ] ; 
 
 % Transposed Jacobian Matrix 
JT = [ -cos(x(3) + x(4) + x(5)), sin(x(3) + x(4) + x(5)), 0,... 
        -cos(x(3) + x(4)), sin(x(3) + x(4)), 0,... 
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        -cos(x(3)), sin(x(3)), 0; 
        -sin(x(3) + x(4) + x(5)), -cos(x(3) + x(4) + x(5)), 0,... 
        -sin(x(3) + x(4)), -cos(x(3) + x(4)), 0, -sin(x(3)), -cos(x(3)), 0; 
        -sin(x(5)) * link2 - sin(x(4) + x(5)) * link1, ...  
 -rflk5 - cos(x(5)) * link2 - cos(x(4) + x(5)) * link1,... 
        -1, -sin(x(4)) * link1,... 
        -rflk4 - cos(x(4)) * link1, -1,... 
        rflk3y, -rflk3x, -1; 
-sin(x(5)) * link2, -rflk5 - cos(x(5)) * link2, -1,... 
        0, -rflk4, -1, 0, 0, 0; 
        0, -rflk5, -1, 0, 0, 0, 0, 0, 0] ; 
 
 % V Matrix 
 
 V = [ 0, 0,-1 * ((m2 + m3) * cos(x(3)) * link1 + m3 * cos(x(3) + x(4)) * link2) * x(8) - 2 
* m3 * cos(x(3) + x(4)) * link2 * x(9) - m2 * cos(x(3) + x(4)) * lCoM2 * (x(8) +... 
     2 * x(9)) - m3 * cos(x(3) + x(4) + x(5)) * lCoM3 * (x(8) + 2 * (x(9) + x(10))),... 
     (-1) * m2 * cos(x(3) + x(4)) * lCoM2 * x(9) - m3 * (cos(x(3) + x(4)) * link2 * x(9) + 
cos(x(3) + x(4) + x(5)) * lCoM3 * (x(9) + 2 * x(10))),... 
     (-1) * m3 * cos(x(3) + x(4) + x(5)) * lCoM3 * x(10) ; 
0, 0,... 
     -1 * (m3 * sin(x(3) + x(4)) * link2 + (m2 + m3) * (sin(x(3)) * link1)) * x(8) - 2 * m3 
* sin(x(3) + x(4)) * link2 * x(9) - m2 * sin(x(3) + x(4)) * lCoM2 * (x(8) + 2 * x(9)) - m3 
* sin(x(3) + x(4) + x(5)) * lCoM3 * (x(8) + 2 * (x(9) + x(10))),... 
     -1 * m2 * sin(x(3) + x(4)) * lCoM2 * x(9) - m3 * (sin(x(3) + x(4)) * link2 * x(9) + 
sin(x(3) + x(4) + x(5)) * lCoM3 * (x(9) + 2 * x(10))),... 
     -1 * m3 * sin(x(3) + x(4) + x(5)) * lCoM3 * x(10) ; 
0, 0,... 
     -2 * (link1 * (m3 * sin(x(4) + x(5)) * lCoM3 + sin(x(4)) * ... 
     (m2 * lCoM2 + m3 * link2)) * x(9) + m3 * lCoM3 * (sin(x(4) + x(5)) * link1 + sin(x(5)) 
* link2) * x(10)),... 
     -1 * link1 * (m3 * sin(x(4) + x(5)) * lCoM3 + sin(x(4)) * (m2 * lCoM2 +... 
     m3 * link2)) * x(9) - 2 * m3 * lCoM3 * (sin(x(4) + x(5)) * link1 + sin(x(5)) * link2) 
* x(10), -m3 * lCoM3 * (sin(x(5)) * link2 + sin(x(4) + x(5)) * link1) * x(10) ; 
      0, 0, link1 * (m3 * sin(x(4) + x(5)) * lCoM3 + sin(x(4)) * (m2 * lCoM2 + m3 * link2)) 
* x(8) - 2 * m3 * sin(x(5)) * lCoM3 * link2 * x(10),... 
     -2 * m3 * sin(x(5)) * lCoM3 * link2 * x(10),... 
     -1 * m3 * sin(x(5)) * lCoM3 * link2 * x(10) ; 
      0, 0, m3 * lCoM3 * (sin(x(4) + x(5)) * link1 * x(8) + sin(x(5)) * link2 * (x(8) + 2 * 
x(9))),... 
     m3 * sin(x(5)) * lCoM3 * link2 * x(9), 0] ; 
 
C-2 Dynamic Model of the 3R System located on ISS 
In this section the matrices for the dynamic model of the 3R system are presented. 
M = [L133 + (m1*(lCoM1^2))+ (m2*((cos(q2))^2)*(lCoM2^2)) + 
(m3*((cos(q2+q3))^2)*(lCoM3^2))+... 
    (2*m2*(cos(q2))*lCoM2*link1) + ((m2+m3)*(link1^2)) + (2*m3*(cos(q2))*link1*link2) +... 
    (m3*((cos(q2))^2)*(link2^2)) + (2*m3*(cos(q2+q3))*lCoM3*(link1+((cos(q2))*link2)));,... 
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    0,... 
    0;  
      0,... 
      L233 + L333 + (m2*(lCoM2^2)) + 
(m3*((lCoM3^2)+(2*(cos(q3))*lCoM3*link2)+(link2^2))),... 
    L333 + (m3*lCoM3*(lCoM3+((cos(q3))*link2)));... 
    0,... 
    L333 + (m3*lCoM3*(lCoM3+((cos(q3))*link2))),... 
    L333 + (m3*(lCoM3^2))]; 
 
 % Transposed Jacobian Matrix 
 
 JT = [ 0,... 
        0,... 
        -(rfimpx*(cos(q2+q3)))-link1-((cos(q2))*link2);... 
        -(sin(q3))*link2,... 
       -rfimpx-((cos(q3))*link2),... 
        0;... 
        0,... 
        -rfimpx,... 
         0] ; 
 
 % V Matrix 
 
 V = [  -(m2*(sin(2*q2))*(lCoM2^2)*qdot2)-(2*m2*(sin(q2))*lCoM2*link1*qdot2)-... 
        (2*m3*((cos(q2+q3))*lCoM3+link1+((cos(q2))*link2))*... 
        ((sin(q2))*link2*qdot2+(sin(q2+q3))*lCoM3*(qdot2+qdot3))),... 
        0,... 
        0;... 
        ((m2*(cos(q2))*(sin(q2))*(lCoM2^2))+(m2*(sin(q2))*lCoM2*link1)+... 
       (m3*((cos(q2+q3))*lCoM3+link1+((cos(q2))*link2))*((sin(q2+q3))*lCoM3+... 
        ((sin(q2))*link2))))*qdot1,... 
        -2*m3*(sin(q3))*lCoM3*link2*qdot3,... 
        -m3*(sin(q3))*lCoM3*link2*qdot3;... 
        m3*(sin(q2+q3))*lCoM3*(((cos(q2+q3))*lCoM3)+link1+((cos(q2))*link2))*qdot1,... 
        m3*(sin(q3))*lCoM3*link2*qdot2,... 
        0] ; 
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Appendix D 
Pseudocode of the algorithm for the proposed viscoplastic model of Sec. 3. 
<Set initial conditions>   For kg ,bg  and λci  from (60) 
<For impact instant i  run>   (59) for Fci  until !y = 0 . 
<If  !y = 0 >  Keep yc
i
 and calculate yf
i  from (63). 
Set λri  from (60) 
<For impact instant i  run>   (59) for Fri  
 <If Fri = 0 >    Impact ends 
 <Elseif Fri ≠ 0  and  !y = 0 >  Recompression occurs.  
 <Set λci+1 = λri > 
<start over> 
<End> 
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Appendix E 
During the upgrade of the CSL space emulator a number of Diploma and Master Theses have been 
written, while the author was responsible in co-advising and managing the development team. In 
the next few pages, a brief presentation of the development process will take place. This work was 
part of the Heracleitus II funding. More information can be found in [3], [99], [100], [123], [124] 
and [129]. 
E-1 Concept and Requirements 
Addressing the need of developing the new Space Robot according to the standards set by the 
existing one, [99], led to a conceptual design of a cylindrical, fully autonomous structure floating 
on the granite table and driven by thrusters. However, the expertise gained through the 
development process of the previous robot in conjunction with problems revealed during its 
application, determined additional design parameters and requirements that should be taken into 
account. 
While the shape was predefined, restrictions for similarity on general dimensions were also 
applied. A major requirement for the new design was to increase the available volume in order to 
avoid overlaps between various components. Smaller and more efficient parts would have to be 
employed so as to obtain the same or even better performance, within less space. Correspondingly, 
a demand was set to maintain regional separation among pneumatics, electronics, batteries and all 
other subsystems. Obviously, easy assembling and modularity were required, in order to 
effortlessly replace every individual component, if needed. 
Another requirement that came up by the use of the first robot was the trunking task. Wires 
and CO2 hoses had to be guided so as to prevent their tangling and to provide protection and 
immobility. These are qualities that have proven indispensable by experience gained from the 
previous robot and taken into consideration for the new design. A last requirement was the 
capability of a replaceable front section in order to accommodate different payloads like 
manipulators, docking subsystem, or any other experimental device is of particular interest. 
As far as the electrical/ electronic subsystem is concerned, and in comparison to the first 
robot’s design, the requirements included efforts for cost and volume reduction with respect to the 
first robot, while retaining or extending (if possible) the functionality. Naturally the new hardware 
should have been compatible with the attach points of the modified chassis. However, no 
limitations were imposed on the design principles and methodology, neither on the development 
process. 
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Electrical/ electronic and software design were performed from the beginning, irrespective 
of methods employed on the first robot, and only based on the basic requirements which generally 
define the emulator, namely: (a) power and computation autonomy of the robot, (b) remote control, 
(c) localization employing an onboard system of optical sensors, (d) localization through wireless 
communication with an external camera system, (e) thruster and motor control with the respective 
drives and custom PCBs. 
E-2 Developed Robot 
E-2.1 Mechanical Design of Base 
The mechanical design of the new robot started aiming at creating a structure capable to be built 
inside institution facilities, and mainly at CSL’s workshop. Structural parts designed for ease of 
machining and assembly, maintaining a bottom to top procedure which will result to a targeted and 
robust configuration. The experience gained and the new requirements defined the procedure to be 
trailed for design and construction. 
To begin with, the robot chassis was built out of standard materials (aluminum alloys and 
Plexiglas), off-the-shelf structural members and general hardware. Particularly, robot’s frame 
consists of two cylindrical ring type plates which are kept apart using three U channel columns, 
thus creating a two-floor structure. This design provides approximately 30 lt of available volume to 
be exploited for subsystems installation, while in its flat top are situated the LEDs for the overhead 
camera. In more detail, the previously used bottom T base with the air-bearings attached on each 
vertex of it, was reshaped to a CNC-milled cylindrical plate profile providing increased useful 
area. Furthermore, the Reaction Wheel (RW) and CO2 tank pocket were displaced radially and 
anti-symmetrically, while the latter also received a lowered floor datum under the base bottom 
surface, allowing for a higher tank and for separating the construction of the several modules, see 
Figure E-1. 
 
Figure E-1. CAD representation of the bottom base. 
RW 
displacement
CO2 tank 
displacement
CO2 tank 
lowering
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Proceeding with the strategy of creating an emulator for increased ease of use, a second 
design optimization took place. The new principle is the employment of a layout where the various 
subsystems are situated in distinct modules. The new robot is divided in regions where clusters of 
servoamplifiers, electronic boards, batteries, pneumatic components and computational/ 
communicational segments are lying together. Every cluster is bordered with Plexiglas planes, 
which have been designed as shelf, drawer or box and fastened to robot chassis. Special care was 
paid on achieving quick and simple mounting/ removing. Every component part can be reached by 
pulling out a drawer or by opening a door. As a result the process of maintenance is significantly 
improved and accelerated due to the excellent accessibility.  
Yet, to comply with the requirements of extending emulator capabilities and to accomplish 
more complex scenarios, the new mechanical design imposed innovations that increased the 
precision and interchangeability in the payload. Regarding the precision, a new design allowed for 
the capability to regulate the height of the optical sensors. Particularly, the three optical sensors 
which are placed at the bottom of robot and provide its position, are now capable to be set in a 
delimited distance above the granite table, so as to minimize sensor error. 
Also, enhancements have taken place in the field of gripping and transporting the emulator. 
Hooks and custom-made handles designed and constructed to provide the ability of placing/ 
removing the robot on the granite table with smooth movements and without vibrations, hence 
shaking of sensors has been eliminated. Whereas discussing the interchangeability of the payload, 
the new front panel base has to be mentioned. This sliding-type base can be fastened if needed at 
the front plane of the bottom base via screws and it can be used to attach any type of payload. 
Future experiments employing manipulators, docking system or special sensors can be fulfilled by 
modulating the base in a manner to carry the appropriate equipment. 
In addition to structural upgrades, improvements were made in the area of robot pneumatics. 
The evolution in the relevant components has been exploited to reduce their volume and increase 
their effectiveness. In more detail, the formerly used industrial-type high pressure regulator at the 
top of the tank was replaced with a tiny paintball part called “Palmer Stabilizer” capable to 
regulate and stabilize gas output. In combination with a coiled remote hose, a quick release 
coupling and a targeted design concerning siting, resulted in a CO2 supply system that can be 
assembled in short time and with no need for any wrenches. Even the CO2 tank itself was 
improved, as new gas bottles with fill indicators were purchased and employed. Moreover, major 
changes were introduced in the thrusting system. Brand new thrusting nozzles fabricated by 
FESTO as standard components, replaced the earlier custom ones. The nozzle pipe diameter was 
enlarged and consequently thrusting force was raised. Thruster switching valves were substituted 
by state of the art models providing response time less than 2ms. Maximum switching frequency 
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can now reach 330Hz from 130Hz which was previously; accordingly thrusting PWM frequency 
can also rise. 
Finally, the issue of CO2 tube trunking was addressed. Previous experience has shown that 
cables and pipes can cause troubles during use and maintenance of the robot, since they are 
intermeshing, pulled and ultimately they are displaced with respect to their correct position/ 
connection. Thus, the new design foresaw this task and special trunking paths were constructed, so 
as pipes and wires to remain organized and unshakeable. The new robot can be seen in Figure E-2. 
  
(a) (b) 
Figure E-2. (a) CAD representation of new robot structure and (b) the current configuration. 
E-2.2 Mechanical Design of Manipulator 
The robotic manipulators that were designed for the second robot have two degrees of freedom 
with two rotary joints each that can rotate about axes perpendicular to the horizontal plane. They 
are mounted on a chassis that is detachable from the main body of the robot and are capable of 
folding fully. The ends of the manipulators are properly designed for mounting various tools and/or 
force and torque sensors. Each manipulator is powered by two DC electric motors with planetary 
gearboxes. It was deemed best that both of them have to be placed on the chassis of the 
manipulators, in order to achieve reduced moment of inertia and a favorable center of mass 
location. Therefore, a transmission system is required for each manipulator’s second joint, which is 
implemented via timing belts and pulleys. The assembly of the two manipulators and the chassis 
comprises of 105 parts, 34 of which were supplied by the market; the rest were manufactured in-
house, Figure E-3. 
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Figure E-3. The manipulator installed on the robot for tests. 
E-2.3 Electrical and Electronic Design 
The electrical and electronic design was largely based on the previous one, yet it was improved in 
several aspects, Figure E-4. Power autonomy was achieved using Li-Po batteries. Two DC/DC 
converters were also employed to supply two optionally isolated circuits (otherwise a common 
ground connects them): a low-voltage circuit for the computer, the sensors and the wireless 
modules (nominal voltage 5V), and a high-voltage circuit for the servomotors and the thruster 
valves (nominal voltage 24V). 
 
Figure E-4. Electrical and electronics subsystem and its interconnections: red lines represent power and blue 
lines signals. 
PCBs have been designed and printed for power routing, thrusters’ control, collecting optical 
sensors’ data (this PCB is called “Arduino shield”), and a dedicated PCB has been developed to be 
used as a control panel, Figure E-5a. In order to attain computation autonomy a PC-104 system is 
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used, including a CPU board (running at 500 MHz), a 48 Digital I/O card and USB flash drive (for 
booting), Figure E-5b. 
  
(a) (b) 
Figure E-5. (a) Close up of PCBs and (b) PC104 board. 
The localization of the robot is achieved through two different sensors: (a) relative 
estimation sensors, Figure E-6a, which are comprised by three optical sensors mounted at the 
bottom of the chassis, for fast estimation and (b) an absolute estimation sensor, that is an off-board 
overhead camera, which locates LEDs on top of the robot Figure E-6b, providing more accurate 
estimation. An Arduino board with a custom shield is used for collecting optical sensor data. An 
off-board computer receives data from the camera, does the image processing (in C/C++) and 
finally transmits the robot pose via UDP/IP (faster than TCP/IP, used in the past) to the on-board 
CPU. Two wireless Ethernet bridges are used (a) for the remote control of the robot, and (b) to 
receive real-time data wirelessly from the external camera system, Figure E-7. 
  
(a) (b) 
Figure E-6. (a) Optical Sensors and (b) LEDs on top of the robot. 
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Figure E-7. PC-104 Boards and wireless Ethernet bridges used for communications. 
E-2.4 Software Design through Model-Based Design 
A modern aspect considers the traditional, text-based approach of embedded system design 
inefficient to handle advanced control systems development, and indicates that the divide-and-
conquer strategy for developing such systems, which means coordinating the resources of people 
with expertise in a wide range of disciplines, leads to slow development cycles. Focusing also on 
the experience gained from the first robot’s design process, it was clear that developing complex 
models was difficult, time-consuming, and highly prone to errors. In addition, debugging text-
based programs for the first robot was, and still is, a tedious process, requiring much trial and error 
before a final fault-free model could be created, especially since mathematical models undergo 
unseen changes during the translation through the various design stages. Trying to eliminate these 
time-consuming problems underlying the traditional design process, a different approach, called 
Model-Based Design (MBD), was tried out for the new robot. 
Hence, employing this technique, the development of the robot was carried out as a whole, 
since the design of algorithms, the software development and the final integration on the hardware 
were studied as interdependent parts. Development was manifested in four steps: (1) modeling the 
plant, (2) synthesizing a controller for the plant, (3) simulating the plant and the controller, and (4) 
deploying the controller on real hardware after connecting it to sensors and actuators of the actual 
plant. An iterative debugging process was carried out by analyzing results on the actual target and 
updating the controller model. Model based design tools allowed these iterative steps to be 
performed in a unified visual environment. 
The software used was the xPC Target, from Mathworks. In this environment a Matlab/ 
Simulink model (running on a host PC) is auto-generated into C code, compiled with a third-party 
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compiler, transmitted wirelessly to the robot (target PC) and finally runs in a real-time kernel, in 
Figure E-8. Remote control, monitoring, parameter tuning as well as virtual reality animation 
(with VRML) were also enabled and extensively used during the development. In this manner, 
validation and verification of the design were continuously performed throughout the development. 
As a result, emphasis was put on innovation, while at the same time potential low-level problems 
in hardware and software were surmounted.  
However, during the development phase, several compatibility issues, regarding xPC Target, 
came to surface, which complicated the design process and finally imposed strict limitations for the 
hardware selection. Generally, two major problems had to be addressed. The first one concerned 
the fact that the commonly used USB connection between the optical sensors and the robot CPU 
could not be implemented within the xPC Target software, since it is a disabled feature by default. 
To overcome this inconvenience, an Arduino microcontroller was interposed to establish the 
respective communication, employing the PS/2 protocol to collect optical sensor data, and the RS-
232 protocol to transmit them (with or without post-processing) to the CPU. To this end, an 
Arduino optical sensors shield was designed and manufactured. 
A second problem concerned the limited reference for wireless communications within the 
xPC Target. The solution given was to use two wireless Ethernet bridges connected to the CPU 
Ethernet ports. This configuration defined the CPU board selection among a very limited catalog of 
supported PC-104 boards which complied with the requirements. Special focus was finally placed 
on the real-time wireless communication between the robot’s PC (target PC) and the camera PC. 
This communication required a dedicated link (a second wireless bridge) and a software 
conversion from TCP (previously used) to the UDP/IP communication protocol. 
 
Figure E-8. Interconnections between PC104, subsystems and external computers using xPC Target 
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E-2.5 Robotics  Operating System (ROS) Implementation 
CSL Space Emulator can use various OS (windows, linux, etc). However the advantages of 
Robotic Operating System (ROS) were acknowledged and currently all robotic systems as well as 
their communications with the workstations use ROS, Figure E-10. The implementation is at the 
last phases, and the currently the localization subsystems and their programming are integrated into 
ROS. 
  
Figure E-9. Instants of ROS environment in CSL. 
In a glance the current implementation of the emulator has: 
Architecture: (a)Local and Global localization for better support of different docking phases and 
(b) Distributed system with synced Kernel clock's for usable data stamping 
Hardware: (a) PC104 form factor for modular design, (b) CPU Intel Atom 1.8GHz for optimal 
performance to power consumption ratio, (c) Wireless connectivity via Wifi, and (d) TCP packets 
to ensure reliable data handling. 
Software: (a) Distributed code for simplicity and better use of dual-core system, (b) Hardware 
specific software deployment to minimize CPU bandwidth, and (c) Fail safe design. 
E-2.6 Future Developments 
The servomotors subsystem is yet incomplete; however there have been preliminary selections for 
the components of this subsystem. There will be at least five motors with servomotors on board: 
Two sets of two motors/ servomotors for controlling two 2-DOF manipulators and one motor/ 
servomotor for a reaction wheel. Due to the modularity of the design, the motors can be used also 
for controlling specialized payloads if necessary, instead of the manipulators. Note that at the 
current configuration the new robot can easily emulate a free-floating satellite with or without 
initial motions imposed by the use of the thrusters. 
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E-3 Validation Experiments 
To validate the functionality of the new robot and most specifically the combination of the 
localization subsystems and the xPC Target, a number of experiments have taken place. The robot 
was forced to move through circular or straight paths. The motion as captured by the overhead 
camera is presented in Figure E-10 and Figure E-11. Similarly, a circular motion as seen by the 
optical sensors is presented in Figure E-12. However, these experiments only show a rough 
verification of subsystem functionality, since the sensors have not been calibrated yet. Calibration 
will be achieved by employing a Phasespace mocap system.  
 
Figure E-10. Five experiments on circular trajectories with data received from the camera system. (White: 
desired trajectory, Red: data after image processing). 
 
Figure E-11. Five experiments on straight line trajectories with data received from the camera system. 
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Figure E-12. Motion data derived from the optical sensors system during a circular trajectory experiment. 
E-4 Full Emulator 
Finally both robots have been positioned on the granite table, Figure E-13. Their 
coexistence on the table was very smooth and allows for interesting experiments in the near future. 
 
Figure E-13. NTUA Space Robot Emulator with both robots. 
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Σύνοψη 
Η εξερεύνηση κι η εκµετάλλευση του διαστήµατος απαιτεί την ενίσχυση των ροµποτικών 
υποδοµών στην τροχιά της Γης αλλά και ακόµα παραπέρα. Πολλές διαστηµικές υπηρεσίες όπως η 
NASA, η ESA και η JAXA έχουν ήδη εντάξει δραστηριότητες Τροχιακών Υπηρεσιών (ΤΥ) στα 
µελλοντικά τους σχέδια. Στον πυρήνα των ΤΥ βρίσκεται το πρόβληµα της προσέγγισης και 
σύλληψης/πρόσδεσης Στόχου (δορυφόρου ή διαστηµικού θραύσµατος). 
Η σύλληψη και πρόσδεση Στόχου από ένα Διαστηµικό Ροµποτικό Σύστηµα (Κυνηγό), ο 
οποίος αποτελείται από µια µη σταθερή βάση και έναν ή περισσότερους βραχίονες, είναι µια 
ιδιαίτερα απαιτητική δραστηριότητα, λόγω της δυναµικής σύζευξης βάσης-βραχιόνων. Επιπλέον, 
αυτές οι διαδικασίες είναι συνδεδεµένες µε κρούσεις καθώς δύο σώµατα έρχονται σε επαφή. Οι 
προκλήσεις είναι ακόµα µεγαλύτερες όταν ο Κυνηγός και ο Στόχος έχουν συγκρίσιµες µάζες. Στην 
περίπτωση µάλιστα της παθητικής πρόσδεσης, γνωστής και ως Κρουστική Πρόσδεση (impact 
docking), οι δυνάµεις που αναπτύσσονται κατά την κρούση είναι µέρος της διαδικασίας. Μη 
επιτυχείς κρούσεις µπορεί να αποµακρύνουν Κυνηγό και Στόχο, ή να προκαλέσουν ζηµιές σε 
κρίσιµα υποσυστήµατα τους. Για τους ανωτέρω λόγους, χρειάζεται προσεκτική µελέτη των 
κρούσεων σε περιβάλλον έλλειψης βαρύτητας και ειδικότερα απαιτείται: (α) επαρκής 
µοντελοποίηση της διαδικασίας, (β) µελέτη της επίδρασης των αδρανειακών παραµέτρων και των 
παραµέτρων ενδοτικότητας και (γ) σχεδιασµός και έλεγχος µιας αποτελεσµατικής προσέγγισης 
Στόχου σε Κυνηγό.  
Σε αυτή τη διατριβή αρχικά µοντελοποιείται και αναλύεται η κρούση δύο σωµάτων στο 
διάστηµα. Περιγράφονται οι περιορισµοί των υπαρχόντων βισκοελαστικών µοντέλων, και 
αναπτύσσεται ένα πρωτότυπο βισκοπλαστικό µοντέλο που δείχνει πολύ καλή συσχέτιση µε 
δηµοσιευµένα πειραµατικά αποτελέσµατα. Το µοντέλο αυτό γενικεύεται σε εφαρµογές µε επίγειες 
κρούσεις και µέσω παραδειγµάτων και προσοµοιώσεων, δείχνεται ότι το µοντέλο που 
αναπτύχθηκε είναι ιδιαίτερα χρήσιµο σε ροµποτικές εφαρµογές. Για συστήµατα που έρχονται σε 
επαφή, παρουσιάζονται οι ισχύουσες προσεγγίσεις µοντελοποίησης κατά την Κρουστική 
Πρόσδεση. Με βάση αυτές, αναπτύσσεται µια γενικευµένη προσέγγιση µοντελοποίησης 
συστηµάτων σε συνθήκες έλλειψης βαρύτητας, ενώ µε την χρήση υπολογιστικά γρήγορων 
µεθόδων που αναπτύσσονται µε χρήση θεωριών κρούσεως στερεών σωµάτων, γίνεται εκτίµηση 
της συµπεριφοράς των σωµάτων µετά την κρούση τους. 
Αναπτύσσεται πρωτότυπη µέθοδος για την ελαχιστοποίηση των αντιδράσεων στις 
αρθρώσεις των βραχιόνων και τελικά στις ροµποτικές βάσεις, κατά την διάρκεια των κρούσεων. 
Οι αναπτυσσόµενες αντιδράσεις ελαχιστοποιούνται µε τη χρήση του Κρουστικού Κέντρου (ΚΚ) 
και αναπτύσσεται µεθοδολογία που εφαρµόζεται σε δισδιάστατες και τρισδιάστατες κρούσεις. 
Εκτιµάται η θετική επίδραση της χρήσης της θεωρίας του ΚΚ σε ροµποτικούς µηχανισµούς στο 
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διάστηµα και εξετάζεται η ευαισθησία των αποτελεσµάτων σε µεταβολές των παραµέτρων της 
κρούσης. Προτείνεται µία µέθοδος ελέγχου για την αντιστάθµιση των αντιδράσεων που 
επιβεβαιώνεται µέσω προσοµοιώσεων επίπεδου και τρισδιάστατου ροµπότ. Τέλος, προτείνονται 
οδηγίες σχεδιασµού και ελέγχου για την εφαρµογή της µεθόδου σε διαστηµικά ροµποτικά 
συστήµατα.  
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 1 Εισαγωγή 
1.1 Τροχιακές Υπηρεσίες (On-Orbit Servicing) 
Η εκµετάλλευση του διαστήµατος απαιτεί την ενίσχυση της ανθρώπινης και ροµποτικής 
παρουσίας. Προς την κατεύθυνση αυτή, διάφοροι οδικοί χάρτες δείχνουν την ανάγκη για την 
υλοποίηση υποδοµής τροχιακών ροµποτικών συστηµάτων για εργασίες όπως η συντήρηση 
δορυφόρων, ο ανεφοδιασµός, η αποµάκρυνση τροχιακών θραυσµάτων και η κατασκευή µεγάλων 
εγκαταστάσεων γύρω από τη Γη ή άλλους πλανήτες. Για τον σκοπό αυτό, οι Τροχιακές Υπηρεσίες 
(On- Orbit Servicing – OOS) διαδραµατίζουν κεντρικό ρόλο, [10], [79], [93], [158] και [159]. 
Η ιστορία της εξυπηρέτησης στο διάστηµα δεν είναι νέα. Ωστόσο, οι προηγούµενες 
προσεγγίσεις ήταν αναποτελεσµατικές. Αυτό οφείλεται κυρίως στο γεγονός ότι αρχικά οι 
δορυφόροι κατασκευάστηκαν χωρίς να λαµβάνεται υπόψη η επισκευασιµότητα. Αν και οι 
εργασίες σύνδεσης των Gemini και Apollo µπορεί να θεωρηθούν ως µια προκαταρκτική 
λειτουργία OOS, ήταν η ωριµότητα και η αύξηση των δυνατοτήτων της δορυφορικής τεχνολογίας, 
η οποία κατέστησε την δυνατότητα τροχιακής εξυπηρέτησης ελκυστική για τις διαστηµικές 
υπηρεσίες. 
Επιπλέον, η διαθεσιµότητα των Τροχιακών Υπηρεσιών γίνεται ένας σηµαντικός παράγοντας 
για την εκµετάλλευση του διαστήµατος και της διατήρησης της απαιτούµενης διαστηµικής 
υποδοµής. Μέσω των ροµποτικών OOS επιτυγχάνεται σηµαντική µείωση των λειτουργικών 
δαπανών για µη επανδρωµένα διαστηµικά µέσα, όπως για παράδειγµα σε δορυφόρους για την 
πλοήγηση και στους γεωστατικούς τηλεπικοινωνιακούς δορυφόρους. Η συντήρηση των 
δορυφόρων σε τροχιά περιλαµβάνει πολλές πτυχές της συναρµολόγησης και συντήρησης του 
εξοπλισµού (αµφότερες διορθωτικές και προληπτικές εργασίες), την αναπλήρωση των 
αναλώσιµων και την αναβάθµιση και επισκευή. 
Η χρήση του OOS µπορεί να θεωρηθεί σε διαφορετικές φάσεις του κύκλου ζωής της 
αποστολής στο διάστηµα: (α) Αποτυχία τοποθέτησης του ωφέλιµου φορτίου στην κανονική τροχιά 
ή τη µεταφορά του σε αυτή. Στις περισσότερες περιπτώσεις, ο δορυφόρος δεν µπορεί να το 
επιτύχει αυτό από µόνος του και ένα όχηµα µεταφοράς σε αυτή την τροχιά θα µπορούσε να 
παράσχει υποστήριξη, (β) Αναγκαιότητα για την υποστήριξη των διαδικασιών ενεργοποίησης. 
Τυπικό παράδειγµα µπορεί να είναι η ελλιπής ανάπτυξη των ηλιακών συστοιχιών ή των 
παραβολικών κεραιών, (γ) Πρόωρο τέλος της ζωής ενός δορυφόρου λόγω φθοράς, και (δ) 
Επέκταση της αναµενόµενης διάρκειας της λειτουργικής ζωής του δορυφόρου µέσω 
ανεφοδιασµού του προωθητικού καύσιµου που χρησιµοποιείται στον έλεγχο της θέσης του. 
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Σηµειώστε ότι οι αποστολές OOS δεν περιορίζονται µόνο σε υποστήριξη (ροµποτική ή µη) 
ενός δορυφόρου που έχει ανάγκη, αλλά περιλαµβάνουν και εργασίες προστιθέµενης αξίας, όπως η 
παράταση της ζωής ή καθηκόντων οπτικής επιθεώρησης. 
1.2 Γενικό Σενάριο της Παρούσας Εργασίας 
Ένα γενικό σενάριο για ένα Διαστηµικό Ροµποτικό Σύστηµα (ΔΡΣ) είναι η χρήση του σε OOS. 
Αυτές περιλαµβάνουν, µεταξύ άλλων, την σύνδεση µε κάποιον άλλο δορυφόρο ή την σύλληψη 
διαστηµικών θραυσµάτων. Από τώρα και στο εξής, το ΔΡΣ θεωρείται ως ένας δορυφόρος Κυνηγός 
("Chaser"). Ο δορυφόρος ή τα διαστηµικά απόβλητα θεωρούνται ως "Στόχος".  
Ο Κυνηγός είναι σε τροχιά και µετά από τις απαιτούµενες διαδικασίες και ελιγµούς 
προσέγγισης (δεν αποτελεί µέρος αυτής της εργασίας), βρίσκεται στην εγγύτερη περιοχή του 
στόχου. Τα υποσυστήµατα του Στόχου περιλαµβάνουν όλα τα απαραίτητα υποσυστήµατα για ένα 
δορυφόρο, ως εκ τούτου, όλες οι παράµετροι πλοήγησης είναι διαθέσιµοι (ο Κυνηγός έχει τη 
γνώση του σηµείου προσάρτησης στον Στόχο) και έχει επενεργητές (προωθητήρες και 
σφόνδυλους αντίδρασης) που λειτουργούν µε την χρήση σχετικού ελεγκτή. Τέλος, έχει ένα 
βραχίονα µε "n" συνδέσµους εγκατεστηµένο στην βάση (µαζί µε τη βάση ο δορυφόρος είναι ένα 
σύστηµα "(n + 1) – σωµάτων”). Ο τελευταίος σύνδεσµος µπορεί να έχει ένα σύστηµα που 
εγκαθίσταται στην άκρη του συνδέσµου (µε άλλα λόγια, η τελική σύνδεση περιλαµβάνει στο σώµα 
του έναν πρόβολο). Εναλλακτικά, αντί του πρόβολου, µπορεί να χρησιµοποιηθεί ένας µηχανισµός 
σύλληψης-αρπάγης. Ο Στόχος από την άλλη πλευρά είναι γενικά ένα συνεργάσιµο ή µη 
αντικείµενο. Αυτό µπορεί να είναι ένα µηχανικό σύστηµα το οποίο µπορεί ή δεν µπορεί να έχει 
έναν µηχανισµό αγκίστρωσης για ένα συγκεκριµένο σηµείο (γνωστό εκ των προτέρων στον 
Κυνηγό) ή υπάρχει ένα προτιµώµενο σηµείο για τη σύλληψη. 
Συνεπώς, η ιδέα είναι ότι ο Κυνηγός διαµορφώνει την δοµή του κατάλληλα για να χτυπήσει 
µε τον πρόβολο τον µηχανισµό αγκίστρωσης ή το σηµείο για τη σύλληψη, ώστε να επιτευχθεί µία 
ελεγχόµενη κρούση. Είτε η σύλληψη συµβαίνει, ή ο κυνηγός και ο στόχος παραµένουν πολύ κοντά 
για µια νέα προσπάθεια σύλληψης. Είναι πολύ σηµαντικό να ελαχιστοποιηθούν οι δυνάµεις 
αντίδρασης στις αρθρώσεις και το κύριο σώµα του Κυνηγού, καθώς επίσης και να ελαχιστοποιηθεί 
η τάση των δύο συστηµάτων να διαχωριστούν. 
Οι ερωτήσεις που το έργο αυτό προσπαθεί να απαντήσει είναι:  
(α) Ποιος είναι ο βέλτιστος τρόπος για να µοντελοποιήσει κανείς τις κρούσεις στο διάστηµα; Ποια 
είναι η έκταση της εφαρµογής αυτού του µοντέλου;  
(β) Πώς οι µάζες και δυσκαµψίες των συστηµάτων υπό κρούση επηρεάζουν την κρούση σε 
συνθήκες έλλειψης βαρύτητας (µηδενικής βαρύτητας);  
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(γ) Είναι δυνατόν να σχεδιαστεί και να ελεγχθεί µια αποτελεσµατική προσέγγιση του Κυνηγού σε 
έναν Στόχο, λαµβάνοντας υπόψη τις πιθανές ανεπιθύµητες ή/ και αναπόφευκτες επιπτώσεις; 
1.3 Συνεισφορά της Εργασίας 
1. Η ανάπτυξη πρωτότυπου βισκοπλαστικού µοντέλου που παρουσιάζει πολύ καλή συσχέτιση 
µε πειραµατικά αποτελέσµατα στη βιβλιογραφία. Σε σχέση µε τα συνήθη βισκοελαστικά 
µοντέλα, το µοντέλο αυτό περιγράφει περισσότερους τύπους κρούσεων όπως απαντώνται 
σε εφαρµογές ροµποτικής (π.χ. διαδοχικές κρούσεις και επανασυµπιέσεις), ενώ 
γενικεύεται και σε κρούσεις σε επίγειες εφαρµογές. 
2. Η ποσοτικοποίηση, µε αναλυτική απόδειξη, της επίδρασης του λόγου µαζών σε κρούσεις 
συστηµάτων πολλών σωµάτων, µε αποτέλεσµα την καλύτερη κατανόηση των κρούσεων 
συστηµάτων πολλών σωµάτων, σε συνθήκες έλλειψης βαρύτητας και σταθερής βάσης. 
3. Η µελέτη της έννοιας του Κρουστικού Κέντρου (ΚΚ) στις τρεις διαστάσεις, και ο 
προσδιορισµός των προϋποθέσεων κάτω από τις οποίες οι ιδιότητες του ΚΚ µπορούν 
να χρησιµοποιηθούν κατά τις κρούσεις συστηµάτων πολλών σωµάτων σε συνθήκες έλλειψης 
βαρύτητας και σταθερής βάσης. 
4. Η αδιάστατη παραµετρική ανάλυση ευαισθησίας κατά τις κρούσεις, εφαρµόζοντας τη µελέτη 
του ΚΚ. Ειδικότερα, εξετάζεται η επίδραση ατελούς γνώσης των παραµέτρων του 
συστήµατος ή των συνθηκών κρούσης, και προτείνονται µέθοδοι για τον περιορισµό των 
αρνητικών επιδράσεων, που µπορούν να εφαρµοστούν είτε κατά τη φάση του σχεδιασµού 
είτε κατά τη φάση σύλληψης στόχου. 
5.  Η ανάπτυξη συστήµατος ελέγχου Αντιστάθµισης Κρούσης µε Χρήση του ΚΚ (IC2), το οποίο 
χρησιµοποιεί τις ιδιότητες του ΚΚ για να µειώσει και ιδανικά να εκµηδενίσει τις 
αντιδράσεις στις αρθρώσεις των βραχιόνων και στη βάση του διαστηµικού 
ροµποτικού συστήµατος. Με αυτό το σύστηµα ελέγχου, ελαχιστοποιούνται οι επιδράσεις 
των κρούσεων κατά τη σύλληψη στόχων και µειώνεται η τάση των σωµάτων να 
στρέφονται και να αποµακρύνονται µεταξύ τους. 
1.4 Σύνοψη Εκτεταµένης Περίληψης της Εργασίας 
Η εκτεταµένη περίληψη της εργασίας αποτελείται από πέντε κεφάλαια. Το πρώτο κεφάλαιο είναι 
εισαγωγικό, το οποίο περιλαµβάνει την εισαγωγή και την συνεισφορά αυτής της εργασίας. Στο 
δεύτερο κεφάλαιο παρουσιάζεται η ανάλυση της προσοµοίωσης των κρούσεων. Αναφέρονται οι 
βασικοί περιορισµοί των σηµερινών βισκοελαστικών µοντέλων που περιγράφουν την κρούση 
µεταξύ σωµάτων µε ή χωρίς ενδοτικότητα. Παρουσιάζεται ένα νέο βισκοπλαστικό µοντέλο το 
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οποίο δείχνει πολύ καλή συσχέτιση µε τα πειραµατικά αποτελέσµατα που βρέθηκαν στη 
βιβλιογραφία. Το πιο σηµαντικό είναι η γενίκευση του µοντέλου αυτού σε κρούσεις που 
συµβαίνουν όχι µόνο στο διάστηµα, αλλά και σε επίγειες εφαρµογές, δείχνοντας ότι το µοντέλο 
αυτό έχει χρησιµότητα ακόµα και σε επίγειες εφαρµογές ροµποτικής. Οι προσοµοιώσεις και τα 
παραδείγµατα που το συνοδεύουν, αποδεικνύουν αυτή τη δήλωση. 
Στο τρίτο κεφάλαιο, παρουσιάζεται η κλασική προσέγγιση κατά τη µοντελοποίηση της 
κρούσης. Έχει αποδειχθεί ότι η προσέγγιση αυτή υστερεί στην περιγραφή των κρούσεων σε σχέση 
µε τα θέµατα της αδράνειας και της δυσκαµψίας του συστήµατος των µαζών που έρχονται σε 
επαφή. Μια πιο γενικευµένη προσέγγιση στη µοντελοποίηση των κρούσεων αυτών µπορεί να γίνει 
µε την χρήση υπολογιστικά γρήγορων µεθόδων που απορρέουν από τη θεωρία κρούσης στερεών 
σωµάτων. Καθώς τα διαστηµικά συστήµατα υστερούν σε υπολογιστική ταχύτητα σε σύγκριση µε 
τα επίγεια συστήµατα, µια τέτοια µέθοδος είναι συµφέρουσα. Επιπλέον, µια τέτοια µέθοδος θα 
µπορούσε να είναι επωφελής σε µελλοντικούς ελεγκτές κατά τη χρήση τους σε κρούσεις. Ένα 
σηµαντικό αποτέλεσµα εδώ είναι ότι ποσοτικοποιείται η επίδραση της αναλογίας µάζας των 
συστηµάτων στερεών σωµάτων. 
Στο τέταρτο κεφάλαιο, παρουσιάζεται το γεγονός ότι ένα ροµποτικό σύστηµα µπορεί να 
υποβληθεί σε κρούσεις κατά τη διάρκεια της σύλληψης ενός αντικειµένου, µε αποτέλεσµα είτε τα 
σώµατα να αποχωριστούν µεταξύ τους είτε να υπάρξει βλάβη σε κρίσιµα υποσυστήµατα. Οι 
αντιδράσεις όµως µπορούν να ελαχιστοποιηθούν µε τη χρήση του Κρουστικού Κέντρου. Μετά 
από µια σύντοµη εισαγωγή των περιπτώσεων του Κρουστικού Κέντρου σε δύο και τρεις 
διαστάσεις, γίνεται εκτίµηση της απόδοσης ενός ροµπότ σε κρούσεις υπό το πρίσµα της 
αξιοποίησης του Κρουστικού Κέντρου. Εξετάστηκε η ευαισθησία των αποτελεσµάτων στην 
ευαισθησία των παραµέτρων για κρούσεις σε βραχίονα. Προτείνεται µέθοδος ελέγχου για την 
αντιστάθµιση των δυνάµεων αντίδρασης. Αναλύονται οι κατευθυντήριες γραµµές για την 
εφαρµογή της θεωρίας. Προσοµοιώσεις διαστηµικών ροµπότ στο επίπεδο και στον χώρο 
επικυρώνουν την ανάλυση. Στο πέµπτο κεφάλαιο, παρουσιάζονται τα συµπεράσµατα και οι 
προτάσεις για µελλοντικές εργασίες. Η εργασία αυτή συνοδεύεται από ένα DVD στο οποίο 
περιλαµβάνεται το πλήρες κείµενο της διατριβής, καθώς και τα αρχεία που απαιτούνται για να 
αναπαραχθούν τα αποτελέσµατα της προσοµοίωσης. 
Τα κύρια µέρη αυτής της εργασίας δηµοσιεύθηκαν σε διεθνή συνέδρια µε κρίση στο 
κείµενο ([123], [127] και [154]), ή στην περίληψη ([36], [88], [100], [126] και [156])), σε ένα 
κεφάλαιο βιβλίου ([122]), µια δηµοσίευση σε περιοδικό ([128]), ενώ δύο δηµοσιεύσεις σε 
περιοδικό είναι υπό κρίση ([20] και [155]). Κατά την διάρκεια του προγράµµατος Ηράκλειτος ΙΙ 
παρουσιάστηκαν οι ακόλουθες δηµοσιεύσεις ([36], [88], [100], [122], [123], [126], [127], [128] 
και [154]) ή είναι υπό κρίση ([155]). Τέλος, κατά την διάρκεια του προγράµµατος, ο συγγραφέας 
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συνεπέβλεψε έναν αριθµό από προπτυχιακές και µεταπτυχιακές διπλωµατικές εργασίες, [3], [87], 
99], [124], [129] και [153].  
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2 Βισκοπλαστική Μοντελοποίηση Κρούσης 
2.1 Εισαγωγή 
Το ενδιαφέρον σε αυτό το κεφάλαιο εστιάζεται στο πώς να µοντελοποιήσει κανείς τις κρούσεις 
στο διάστηµα, χρησιµοποιώντας µια µέθοδο που θα περιγράφει την αλληλεπίδραση µεταξύ 
διαφορετικών υλικών, µε και χωρίς υποχωρητικότητα, διατηρώντας παράλληλα ένα υψηλό 
επίπεδο πιστότητας του φαινοµένου. Η απάντηση στο ερώτηµα αυτό είναι σηµαντική, επειδή ένα 
καλά διατυπωµένο µοντέλο είναι αναγκαίο για την ορθή απεικόνιση των κρούσεων στις 
προσοµοιώσεις. Οι κρούσεις µπορούν να µοντελοποιηθούν µε τρεις τρόπους: την στερεοµηχανική 
θεωρία, την Μέθοδο Πεπερασµένων Στοιχείων (ΜΠΣ) και την Μέθοδο µε Συγκεντρωµένα 
Στοιχεία. Κάθε µέθοδος έχει τα πλεονεκτήµατα και µειονεκτήµατα της, αλλά η βισκοελαστική 
µέθοδος δείχνει η πιο κατάλληλη, αφού η κρούση µεταξύ διαφορετικών υλικών µπορεί να 
περιγραφεί από Συγκεντρωµένα Στοιχεία µε κατάλληλα χαρακτηριστικά, [145]. Υπάρχουν 
διάφορα σχετικά µοντέλα στην βιβλιογραφία, µε κυρίαρχο το µοντέλο Hunt-Crossley (HC), [76]; 
στην πραγµατικότητα η πλειοψηφία των βισκοελαστικών µοντέλων χρησιµοποιούν σαν βάση το 
µοντέλο HC, το οποίο θα χρησιµοποιηθεί σαν βάση και σε αυτή την εργασία. Στο µοντέλο η 
δύναµη διεπαφής (interaction force) Fg  είναι, 
 
 
Fg yg , !yg( ) = kg ⋅ ygn + bg ⋅ !yg ⋅ ygn   (1) 
Στην Εικόνα 2-1 φαίνεται το σχήµα που προκύπτει από ένα µοντέλο κρούσης HC. Η 
περιοχή µέσα στην καµπύλη είναι η µη ανακτήσιµη ενέργεια η οποία εκλύεται κατά την 
πρόσκρουση στο εσωτερικό των υλικών υπό την επίδραση µηχανισµών, όπως εσωτερικές 
ταλαντώσεις και τοπικές πλαστικές παραµορφώσεις. Ωστόσο, η συµπεριφορά των πραγµατικών 
υλικών είναι διαφορετική όπως φαίνεται από τα πειραµατικά αποτελέσµατα στη βιβλιογραφία. 
Στις Εικόνα 2-2 - Εικόνα 2-4 φαίνονται τα πειραµατικά αποτελέσµατα κατά την κρούση 
διαφόρων υλικών και επιφανειών. 
Σε αυτό το κεφάλαιο προτείνεται ένα νέο µοντέλο κρούσης το οποίο έχει αναπτυχθεί µε 
βισκοπλαστικά χαρακτηριστικά. Το µοντέλο δείχνει πολύ καλή συµφωνία µε τα πειραµατικά 
αποτελέσµατα που βρέθηκαν στη βιβλιογραφία και µπορεί να περιγράψει αποτελεσµατικά ένα 
µεγάλο αριθµό αλληλεπιδράσεων που συµβαίνουν στη ροµποτική, όχι µόνο στο διάστηµα, αλλά 
και σε επίγειες εφαρµογές. Ταυτόχρονα, εισάγεται µια παράµετρος που ονοµάζεται Συντελεστής 
Μόνιµης Παραµόρφωση, ο οποίος περιγράφει τις παραµορφώσεις που µπορεί να συµβούν σε 
βισκοπλαστικό υλικό, λαµβάνοντας υπόψη πολύπλοκες συµπεριφορές, όπως η συµπίεση και η 
δηµιουργία κρατήρα. Μια προηγούµενη εργασία που χρησιµοποιεί την προσέγγιση αυτή και τις 
δυνατότητές της είναι η [92]. Αποδείχθηκε ότι το προτεινόµενο µοντέλο µπορεί να περιγράψει 
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ακριβέστερα αυτό το είδος των αλληλεπιδράσεων και η εφαρµογή του σε άλλους τοµείς της 
ροµποτικής είναι επίσης εφικτή, [154] – [156]. 
 
Εικόνα 2-1. Τυπικό διάγραµµα Δύναµης Διεπαφής – Βάθους Διείσδυσης µε την µέθοδο HC. 
  
(a) (b) 
Εικόνα 2-2. Απόκριση κατά την επαναλαµβανόµενη κάθετη φόρτιση σε (a) Αλκαλικό έδαφος, και (b) 
Petawawa Muskeg A, [162]. 
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(a) (b) 
Εικόνα 2-3. Διαγράµµατα Δύναµης – Διείσδυσης µεταλλικής σφαίρας που συγκρούεται µε (α) Σύνθετο 
υλικό και (β) Λαµαρίνα σταθερά δεµένη, [101]. 
 
Εικόνα 2-4. Πειραµατικό αποτέλεσµα από την κρούση συστήµατος δύο σωµάτων σε επιφάνεια, [83]. 
2.2 Περιγραφή του Μοντέλου Κρούσης 
Στα βισκοελαστικά µοντέλα, η περιγραφή των κρούσεων γίνεται µε συγκεντρωµένες παραµέτρους 
(εικονικά ελατήρια και αποσβεστήρες) που βρίσκονται στην διεπιφάνεια επαφής µεταξύ των 
σωµάτων υπό κρούση. Ας υποτεθεί ότι µια κρούση µεταξύ δύο σωµάτων, ορίζεται από ένα 
βισκολεαστικό µοντέλο, όπως το HC, Εικόνα 2-5a. Κατά τη συµπίεση, τόσο η δύναµη 
αλληλεπίδρασης Fg  όσο και το βάθος διείσδυσης yg  αυξάνεται, ενώ η σχετική ταχύτητα  !yg  
µεταξύ των σωµάτων µειώνεται. Όταν αυτή η ταχύτητα µηδενίζεται, δηλαδή  !yg = 0 , η µέγιστη 
συµπίεση yc,max  έχει επιτευχθεί. Να σηµειωθεί ότι γενικά η µέγιστη δύναµη εµφανίζεται πριν από 
την µέγιστη συµπίεση, λόγω της εγγενούς µη-γραµµικότητας του µοντέλου, [145].  
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Κατά τη διάρκεια της επανάταξης, η σχετική ταχύτητα µεταξύ των σωµάτων αυξάνει, αλλά 
στην αντίθετη κατεύθυνση, ενώ το βάθος και η δύναµη αλληλεπίδρασης µειώνονται. Η επανάταξη 
τελειώνει όταν τόσο το βάθος όσο και η δύναµη αλληλεπίδρασης µηδενίζονται, αλλά στην 
πραγµατικότητα αυτό οφείλεται στην κλειστή µορφή του µοντέλου. Το σηµαντικό γεγονός που 
χαρακτηρίζει το τέλος της κρούσης είναι ότι η δύναµη αλληλεπίδρασης µηδενίζεται, δηλαδή δεν 
υπάρχει πλέον επαφή µεταξύ των φορέων που επηρεάζουν την κρούση. Με άλλα λόγια, τα 
υπάρχοντα βισκοελαστικά µοντέλα εµµέσως υποθέτουν ότι οι κρούσεις ξεκινάνε και τελειώνουν 
(e) όταν yg = ye = 0 , δηλαδή δεν υπάρχει καµία µόνιµη παραµόρφωση ye ≠ 0 . Ωστόσο, 
εξαιτίας της µόνιµης παραµόρφωσης σε ένα µη ιδανικό παραµορφώσιµο σώµα, η κρούση 
τελειώνει όταν ye > 0 . Αυτό έχει επιπτώσεις στην τελική επιµήκυνση του (εικονικού) ελατηρίου 
και της ενέργειας που χάνεται λόγω της µόνιµης παραµόρφωσης. Επιπλέον, στα βισκοελαστικά 
µοντέλα, η συµπεριφορά ενός υλικού υπό επαναλαµβανόµενη φόρτιση στο ίδιο σηµείο, ή η 
συµπίεση, αγνοούνται. Στην πραγµατικότητα, τα πειραµατικά αποτελέσµατα, για παράδειγµα στο 
[29], αποκαλύπτουν ότι τα βισκοελαστικά µοντέλα δεν είναι αρκετά για να περιγράψουν µε 
ακρίβεια τις παραµορφώσεις των υλικών κατά την διεπαφή, επιβεβαιώνοντας την ανωτέρω 
τοποθέτηση. Ως εκ τούτου ένα µοντέλο που λαµβάνει υπόψη του τις παραµορφώσεις είναι 
απαραίτητο.  
 
Εικόνα 2-5. Μοντέλα κρούσης (a) Τυπικό Βισκοελαστικό και (b) Προτεινόµενο Βισκοπλαστικό. 
Η αυστηρή περιγραφή της βισκοελαστικής διαδικασίας µπορεί να επεκταθεί στην 
περίπτωση των πλαστικών παραµορφώσεων µέσω κατάλληλων συγκεντρωµένων στοιχείων ώστε 
να οδηγήσουν στην βισκοπλαστική περιγραφή. Εδώ, έχει αναπτυχθεί ένα µοντέλο που 
αντιµετωπίζει το πρόβληµα τµηµατικά, όπως φαίνεται στο Εικόνα 2-5b. Σύµφωνα µε αυτό το 
µοντέλο, η φάση συµπίεσης είναι η ίδια µε εκείνη της βισκοελαστικής περίπτωσης. Κατά τη 
(a) Impact Using Common Viscoelastic Models
(b) Impact Using Proposed Viscoplastic Model
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διάρκεια αυτής της φάσης, µέρος της ενέργειας του αποθηκεύεται στο (εικονικό) ελατήριο, το 
οποίο εκπροσωπεί την δυσκαµψία στην αλληλεπίδραση, ένα άλλο µέρος διαχέεται µέσα από το 
υλικό σε εσωτερικές απώλειες εκπροσωπούµενο από τον συντελεστή απόσβεσης bg , και το 
υπόλοιπο απορροφάται κατά τη διάρκεια της παραµόρφωσης των φορέων, π.χ. λόγω δηµιουργίας 
κρατήρα γύρω από το σηµείο πρόσκρουσης ή λόγω της συµπίεσης. Καθώς µπαίνει η φάση της 
επανάταξης, το υλικό προς την κατεύθυνση της κίνησης έχει εκτοπιστεί λόγω της παραµόρφωσης, 
και/ή η διασύνδεση γίνεται πιο άκαµπτη, λόγω της συµπίεσης. Επίσης, το ελατήριο της 
αλληλεπίδραση δεν µπορεί να επεκταθεί στο αρχικό µήκος που αντιστοιχεί στην συµπίεση ye = 0 , 
αλλά σε ένα µικρότερο µήκος που αντιστοιχεί σε ένα νέο χαµηλότερο επίπεδο µε σε σχέση µε την 
µη παραµορφωµένη κατάσταση ye > 0 . Καθώς η δύναµη αλληλεπίδρασης θα είναι µηδέν σε αυτό 
το νέο ελεύθερο µήκος του ελατηρίου, προκύπτει ότι το νέο αυτό εικονικό ελατήριο είναι 
κοντύτερο και πιο σκληρό. Έτσι, υπάρχει µνήµη για τη φάση µεταξύ συµπίεσης και επανάταξης. 
Αυτή η µνήµη θα περιγραφεί από µια τµηµατική εξίσωση. 
2.3 Προτεινόµενο Βισκοπλαστικό Μοντέλο 
Για να περιγράψουµε µαθηµατικά το µοντέλο αυτό, είναι αναγκαίο να καθοριστεί η έννοια 
«Κρουστική Περίοδος (ΚΠ)». Μια κρούση, όπως έχει ήδη παρουσιαστεί στο Κεφ. 2.2, είναι µια 
διαδικασία η οποία περιλαµβάνει τις φάσεις της συµπίεσης (c) και επανάταξης (r), που 
συµβαίνουν σε ένα σηµείο πρόσκρουσης. Κάθε ζεύγος συµπίεσης και επιστροφής στο ίδιο σηµείο 
κρούσης είναι µία ΚΠ. Ακριβέστερα, µια κρούση τερµατίζει όταν δεν υπάρχει επαφή µεταξύ των 
φορέων που είναι σε κρούση, δηλαδή όταν η δύναµη αλληλεπίδρασης είναι Fg = 0 . Ως εκ τούτου, 
η κρούση µπορεί να αποτελείται από ένα ή περισσότερα ζεύγη συµπίεσης-επανάταξης, µέχρι να 
τερµατιστεί. Συνεπώς µια κρούση µπορεί να αποτελείται από µία ή περισσότερες ΚΠ. 
Βασισµένοι στα προηγούµενα, η δύναµη διεπαφής Fg  σε µια ΚΠ i  µπορεί να περιγραφεί 
ως, 
 
 
Fg,i yg , !yg( ) =
Fc,i = λc,i ⋅ kg + bg ⋅ !yg( ) yg − ye,i−1( )n , !yg ≥ 0
Fr ,i = λr ,i ⋅ kg + bg ⋅ !yg( ) yg − ye,i( )n , !yg < 0
⎧
⎨
⎪
⎩⎪
 (2) 
όπου το σύµβολο c  αντιστοιχεί στην συµπίεση, το r  στην επανάταξη, ye  είναι το τελικό βάθος 
διείσδυσης, και το στοιχείο i  ταυτοποιεί την ΚΠ, δες και Εικόνα 2-5. Καθώς τα σώµατα κατά τις 
κρούσεις κληρονοµούν χαρακτηριστικά από το προηγούµενο ΚΠ, κατά τη διάρκεια διαδοχικών 
κρούσεων στο ίδιο σηµείο, ο Συντελεστής της Μόνιµης Παραµόρφωσης λ  ορίζεται σε 
αναδροµική µορφή ως, 
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λc,i =
1, i = 1
λr ,i−1, i >1, i ∈!
⎧
⎨
⎪
⎩⎪
λr ,i = λr ,i materials, velocity, i( ), i ∈!
 (3) 
Από την στιγµή που το εικονικό ελατήριο είναι σκληρότερο κατά την συµπίεση από ότι 
στην επανάταξη, ισχύει ότι, λr ,i ≥ λc,i ≥1 . Η ισότητα λr ,i = λc,i   ισχύει όταν η διεπιφάνεια δεν 
µπορεί να συµπιεστεί περισσότερο. Τότε η (2) απλοποιείται σε ένα µοντέλο HC µε το ίδιο αρχικό 
και τελικό σηµείο. Ως παράδειγµα η Εικόνα 2-6 δείχνει την δύναµη κατά την κρούση σε σχέση µε 
την βύθιση yg  για διάφορες τιµές του λ  σύµφωνα µε το (2), για την περίπτωση µπάλας µάζας 
1kg  η οποία πέφτει ελεύθερα από ύψος 0.5m  σε επιφάνεια µε δυσκαµψία ίση µε 
kg = 8 ⋅104 N m . Να σηµειωθεί ότι όσο το λ  µεγαλώνει, η µόνιµη παραµόρφωση επίσης 
µεγαλώνει, ακόµα κι αν η φάση συµπίεσης είναι η ίδια. Η περιοχή κάτω από την καµπύλη 
αντιστοιχεί στις ενεργειακές απώλειες, οι οποίες µεγαλώνουν µε το λ . Στην Εικόνα 2-7, 
παρουσιάζεται η κατανοµή της απώλειας ενέργειας.  
 
Εικόνα 2-6. Καµπύλες κρούσης από το προτεινόµενο µοντέλο κρούσης για διάφορες τιµές του λ . 
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Εικόνα 2-7. Απώλεια ενέργειας όπως φαίνεται από την καµπύλη κρούσης. 
Παράµετροι διαφόρων υλικών και εδαφών µπορούν να βρεθούν στην βιβλιογραφία, π.χ. 
[29], [58] και [71]. Σε γενικές γραµµές, όσο συµπιέζεται η ίδια περιοχή επαφής, γίνεται πιο 
σκληρή. Έτσι, µετά από µια σειρά κρούσεων στο ίδιο σηµείο, η δυσκαµψία της φτάνει τελικά ένα 
κρίσιµο όριο. Για να µοντελοποιήσουµε αυτή την αυξανόµενη δυσκαµψία, προτείνεται η 
ακόλουθη συνάρτηση, 
 
 
λr ,i = 1+ a i( ) ⋅ 1− e− i⋅β i( )( ), i ∈!   (4) 
όπου a(i)  και β(i)  είναι συναρτήσεις της ΚΠ i , του υλικού και της ταχύτητας. Να σηµειωθεί ότι 
αν a i( ) = 0  ή β i( ) = 0 , η (2) αντιστοιχεί σε µοντέλο HC. Η παράµετρος a  θέτει την µέγιστη 
τιµή του λr ,i , ενώ η αύξηση στο β  αυξάνει την ταχύτητα µε την οποία επιτυγχάνεται αυτή η τιµή, 
όπως φαίνεται από την Εικόνα 2-8. Προφανώς, επειδή η ΚΠ είναι µια διακριτή κατάσταση, ο λr ,i  
έχει επίσης διακριτές τιµές. 
Η αποµένουσα βύθιση ye,i  µετά την ith  κρούση µπορεί να υπολογιστεί παρατηρώντας ότι 
κατά την µέγιστη συµπίεση yc,max,i  πρέπει να υπάρχει συνέχεια στην δύναµη, ενώ η σχετική 
ταχύτητα µεταξύ των σωµάτων υπό κρούση είναι µηδενική, δηλαδή,  
 
 
yc,max,i ⇔ Fc,i = Fr ,i and !yg = 0   (5) 
Χρησιµοποιώντας τις (2) και (5) βρίσκει κάνεις ότι 
 ye,i = yc,max,i ⋅ 1− λc,i λr ,in( ) + ye,i−1 ⋅ λc,i λr ,in( )   (6) 
όπου ye,0 = 0  για να υπάρχει συνάφεια. 
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Εικόνα 2-8. Μεταβολή του Συντελεστή Μόνιµης Παραµόρφωσης σύµφωνα µε την (4) για διάφορες τιµές 
των a i( )  και β i( ) . Οι τιµές είναι διακριτές. 
1 2 3 4 5 6 7 8 9 101
1.2
1.4
1.6
1.8
2
2.2
Impact Instance "i"
λ
r (i
)
α=1.2 β=0.9
α=0.8 β=0.9
α=1.2 β=1.5
Σύλληψη Διαστηµικών Συστηµάτων σε Τροχιά από Ροµποτικά Συστήµατα  Ιωσήφ Σ. Παρασκευάς 
Εκτεταµένη Περίληψη Διδακτορικής Διατριβής 203 ΕΜΠ - 2015 
3 Ανάλυση Κρούσεων µεταξύ Συστηµάτων Πολλών 
Σωµάτων 
3.1 Εισαγωγή 
Σε αυτό το κεφάλαιο το ενδιαφέρον έγκειται στο πώς επηρεάζουν κατά τις κρούσεις σε συνθήκες 
µηδενικής βαρύτητας οι µάζες και οι δυσκαµψίες ως χαρακτηριστικά του συστήµατος. Αρχικά, 
παρουσιάζεται η κλασική προσέγγιση κατά τη µοντελοποίηση της κρούσης και αποδεικνύεται ότι 
η προσέγγιση αυτή υστερεί σχετικά µε την εκτίµηση της επίδρασης των συνεπειών της αδράνειας 
και της δυσκαµψίας του συστήµατος των µαζών που έρχονται σε επαφή. Αναπτύσσεται έτσι µια 
γενικευµένη προσέγγιση στη µοντελοποίηση της κρούσης µε τη χρήση υπολογιστικά γρήγορων 
µεθόδων που απορρέουν από τη θεωρία κρούσης στερεών σωµάτων. Ένα σηµαντικό αποτέλεσµα 
εδώ είναι η ποσοτική εκτίµηση της επίδρασης της αναλογίας της µάζας των συστηµάτων στερεών 
σωµάτων. Αυτή η ποσοτικοποίηση επιτυγχάνεται χρησιµοποιώντας µια αναλυτική απόδειξη κατά 
την κρούση του συστηµάτων πολλών σωµάτων που είχε ως αποτέλεσµα την καλύτερη κατανόηση 
σχετικά µε τη συµπεριφορά αυτών των συστηµάτων σε συνθήκες µηδενικής βαρύτητας. Σύµφωνα 
µε αυτή την µέθοδο, εισάγεται η αναλογία των ενεργών µαζών, η οποία µπορεί να περιγράψει 
αποτελεσµατικά τη συµπεριφορά του συστήµατος στερεών σωµάτων κατά την κρούση, 
λαµβάνοντας υπόψη όλες τις µάζες που συµµετέχουν. Με τη χρήση αυτού του όρου, 
παρουσιάζεται ένας γρήγορος αλλά ακριβής τρόπος για να εκτιµηθεί η σχετική ταχύτητα µετά την 
κρούση γνωρίζοντας µόνο την σχετική ταχύτητα πριν την κρούση. Επιπλέον, χρησιµοποιώντας 
αυτή την αναλογία, µπορεί να προσδιοριστεί κατά πόσον η επίδραση των δύο συστηµάτων µπορεί 
να οδηγήσει σε περαιτέρω προσέγγιση ή σε αποµάκρυνση. Έτσι, σε αυτό το κεφάλαιο, 
αναπτύσσεται µια αναλυτική µέθοδος για τον γρήγορο προσδιορισµό της συµπεριφοράς των 
συστηµάτων στερεών σωµάτων σε κρούση και χρησιµοποιείται για να καθορίσει εάν υπάρχουν οι 
προϋποθέσεις για µια επιτυχηµένη σύνδεση - σύλληψη. Μέρος της εργασίας αυτής έχει 
παρουσιαστεί στη [126]. 
3.2 Ανάπτυξη Μοντέλου 
3.2.1 Μοντέλα Περιγραφής Κρουστικής Αγκίστρωσης  
Συνήθως το µοντέλο που χρησιµοποιείται για την περιγραφή των κρούσεων κατά τη διάρκεια της 
αγκίστρωσης είναι µονοδιάστατο, λόγω του γεγονότος ότι οι απαραίτητες πληροφορίες της 
κρούσης µπορούν να περιγραφούν αποτελεσµατικά µε τον τρόπο αυτό, [35], βλέπε Εικόνα 3-1. Το 
πρόβληµα µε αυτό το µοντέλο ωστόσο είναι το γεγονός ότι από την πλευρά του ενός ή και των δύο 
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συστηµάτων, µια ή περισσότερες µάζες µπορούν να αντικατασταθούν από έναν εικονικό τοίχο. 
Αυτό είναι κοντά την πραγµατικότητα αν και µόνο αν ένα σώµα έχει µια πολύ µεγάλη µάζα σε 
σύγκριση µε τις άλλες. Για παράδειγµα, αυτό το µοντέλο είναι κοντά στην πραγµατικότητα σε 
περίπτωση που ο στόχος είναι ο ISS. Ωστόσο, δεδοµένου ότι οι µπορεί τα σώµατα υπό κρούση να 
έχουν συγκρίσιµες µάζες, αυτό το απλό µοντέλο δεν αντιπροσωπεύει την πραγµατικότητα. Αυτό 
ισχύει ιδιαίτερα τις κρούσεις κατά τη διάρκεια τις αγκίστρωσης των δορυφόρων (π.χ. σε ένα 
σενάριο συντήρησης σε τροχιά) ή τη σύλληψη ενός διαστηµικού θραύσµατος από ένα διαστηµικό 
ροµπότ. 
Ένα γενικότερο µοντέλο για τον Κυνηγό και τον Στόχο όταν κινούνται κατά µήκος του 
ίδιου άξονα, φαίνεται στην Εικόνα 3-2. Και τα δύο συστήµατα αντιπροσωπεύονται από δύο µάζες 
που συνδέονται µε ένα (γενικά µη γραµµικό) ελατήριο και έναν (γενικά µη γραµµικό) 
αποσβεστήρα. Αυτό µπορεί να φαίνεται σαν µια υπεραπλούστευση, ειδικά όταν ο Κυνηγός, ο 
Στόχος ή και τα δύο, είναι συστήµατα Ν-σωµάτων. Ωστόσο, σύµφωνα µε τις παραδοχές, κατά τη 
σύντοµη διάρκεια της πρόσκρουσης, τα συστήµατα µπορούν να θεωρηθούν ως ψευδοστατικά. 
Στην προσέγγιση αυτή, µπορεί να θεωρηθεί ότι ο Κυνηγός είναι ένας συνδυασµός δύο µαζών που 
αντιστοιχούν στη βάση και τον βραχίονα και µια δυσκαµψία. Κατά παρόµοιο τρόπο, ο Στόχος 
µπορεί να θεωρηθεί ως µία βάση µε ένα µηχανισµό αγκίστρωσης, που συνδέεται µέσω ενός 
ελατηρίου και ενός αποσβεστήρα µε την βάση. Με άλλα λόγια, αυτό που ενδιαφέρει είναι η πρώτη 
ιδιοσυχνότητα που αντιστοιχεί σε δύο µάζες και ένα ελατήριο για κάθε σύστηµα, Κυνηγό και 
Στόχο. 
Συγκεκριµένα, εάν αναλυθεί το διάγραµµα ελευθέρου σώµατος, µπορεί κανείς να δει τις 
βασικές εξισώσεις κίνησης όλων των µαζών του συστήµατος. Δυστυχώς, η απουσία ενός 
τοιχώµατος όπως στην κλασική µοντελοποίηση, καθιστά το πρόβληµα πιο δύσκολο να αναλυθεί. 
Για να επιλεγεί το κατάλληλο µοντέλο για τις κρούσεις, είναι αναγκαίο να συζητηθεί η 
παράµετρος των χαρακτηριστικών δυσκαµψίας. Σε αυτή τη συζήτηση πρέπει να εξεταστούν τα 
µονοδιάστατα µοντέλα, καθώς αποτελούν τη βάση για οποιαδήποτε επακόλουθη ανάλυση στις δύο 
ή τρεις διαστάσεις. 
 
Εικόνα 3-1. Κλασική µοντελοποίηση της διαδικασίας της κρουστικής αγκίστρωσης. 
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Εικόνα 3-2. Γενικευµένο µοντέλο κρούσης µεταξύ δύο συστηµάτων που είναι σε τροχιά. 
3.2.2 Ανάλυση πάνω στα Χαρακτηριστικά Ακαµψίας 
Σε πολλές περιπτώσεις στη βιβλιογραφία, είναι σύνηθες να αγνοείται ως µικρή η µάζα της άκρης 
του τελικού σηµείου δράσης. Ωστόσο, αυτό δεν είναι ρεαλιστικό: Καθώς το τελικό σηµείο έρχεται 
σε επαφή µε το στόχο, η πρόσκρουση γίνεται µεταξύ των δύο αυτών φορέων (µικρή µάζα και 
Στόχος). Έτσι, οι µάζες δεν µπορούν να αγνοηθούν απλά, γιατί στην πραγµατικότητα είναι ο 
κύριος λόγος για την αλληλεπίδραση ενέργειας µεταξύ του Κυνηγού και του Στόχου. Ως εκ 
τούτου, ένα ερώτηµα που τίθεται είναι η τιµή του λόγου µάζας που καθορίζει το µοντέλο που 
πρέπει να χρησιµοποιείται κατά τη διάρκεια των κρούσεων. 
Όπως συνιστούν ο Stronge αλλά και άλλοι ερευνητές [145], όταν υπάρχουν πολλαπλές 
συγκρούσεις µεταξύ πολλαπλών µαζών, όπως στην περίπτωση των 2 δύο σωµάτων που 
εξετάζουµε, η αναλογία µεταξύ της δυσκαµψίας του ελατηρίου µεταξύ των µαζών και της 
δυσκαµψίας ελατηρίου η οποία αντιπροσωπεύει την αλληλεπίδραση µεταξύ των σωµάτων υπό 
κρούση, διαδραµατίζουν σηµαντικό ρόλο. Το κύριο θέµα που τίθεται, είναι αν οι κρούσεις 
µπορούν να θεωρηθούν διαδοχικές ή ταυτόχρονες. Σε γενικές γραµµές, αν το µέγεθος της 
δυσκαµψίας που αντιπροσωπεύει την κρούση είναι πολύ µεγαλύτερο από τις δυσκαµψίες µεταξύ 
των σωµάτων του Κυνηγού και του Στόχου, οι κρούσεις µπορούν να θεωρηθούν ταυτόχρονες.  
Το πρώτο ζήτηµα είναι πόσο ρεαλιστικό είναι αυτό στην περίπτωση που εξετάζεται, δηλαδή 
στην κρούση µεταξύ των 2 συστηµάτων δύο σωµάτων στο διάστηµα. Είναι λογικό να υποθέσει 
κανείς ότι η σταθερά δυσκαµψίας που θα αναπτυχθεί µεταξύ των φορέων σε κρούση, ki , είναι 
πολύ µεγαλύτερη από τις σταθερές δυσκαµψίας εντός των σωµάτων. Μία τυπική σταθερά 
δυσκαµψίας µεταξύ δύο µεταλλικών επιφανειών µπορεί να είναι αρκετά υψηλή (πάνω από µερικές 
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εκατοντάδες χιλιάδες για την περίπτωση αυτή), ενώ µια τυπική σταθερά δυσκαµψίας σε µια 
άρθρωση (είτε χρησιµοποιώντας ένα ελατήριο ή ένα κινητήρα) είναι πολύ µικρότερη - εκτός 
βέβαια αν είναι µια κλειδωµένη άρθρωση. 
Το δεύτερο ερώτηµα είναι τι θα συµβεί καθώς η αναλογία είναι µικρότερη από µία τάξη 
µεγέθους. Με άλλα λόγια τι συµβαίνει όταν οι σταθερές δυσκαµψίας ki  και kc  ή kt , είναι 
παρόµοιες. Υπάρχουν οι ακόλουθες περιπτώσεις: (1) Η σταθερά δυσκαµψίας µεταξύ των µαζών 
του Κυνηγού και του Στόχου είναι µεγαλύτερες από ό, τι η σταθερά δυσκαµψίας ki  τουλάχιστον 
τάξη του µεγέθους. Στην περίπτωση αυτή, µπορεί κανείς να θεωρήσει ότι ο Κυνηγός είναι δύο 
µάζες σταθερά συνδεδεµένες. (2) Αν αφαιρέσουµε τις µάζες σε κρούση ως πολύ µικρές, τότε η 
συνολική σταθερά δυσκαµψίας µπορούµε να µοντελοποιηθεί και πάλι ως ένα σύστηµα δύο µαζών 
που συνδέονται µε ένα ισοδύναµο ελατήριο. (3) Στην περίπτωση που όλες οι σταθερές 
δυσκαµψίας είναι της ίδιας τάξης µεγέθους, τότε η βισκοελαστική ανάλυση είναι απαραίτητη. 
Ωστόσο, µέχρι τώρα µια αναλυτική λύση είναι δύσκολο να βρεθεί για περισσότερο από 3 
διασυνδεδεµένους φορείς, και η ανάλυση FEM µπορεί να είναι απαραίτητη. Αυτό δεν είναι µια 
περίπτωση που µας ενδιαφέρει, αφού είναι εντελώς µη ρεαλιστική σε σχέση µε το πρόβληµα µας - 
οι κρούσεις είναι συνήθως µεταξύ µεταλλικών στοιχείων, κι ως εκ τούτου, η ki  είναι πολύ 
µεγαλύτερη από τις kc  ή kt . 
3.2.3 Μοντελοποίηση Συστηµάτων n-σωµάτων ως Συστήµατα 2-σωµάτων 
Η Κρουστική Αγκίστρωση έχει κυρίως να κάνει µε τα συστήµατα, όπου οι µηχανισµοί 
αγκίστρωσης δεν είναι συνδεδεµένοι µε προεκτάσεις (π.χ. η σύνδεση ATV στο ISS), αλλά στη 
γενικότερη περίπτωση γίνεται δεκτό ότι αυτά είναι συνδεδεµένα µε βραχίονες. Βλέποντας την 
Εικόνα 3-3a, ας υποθέσουµε ότι ο πρόβολος (probe) και η υποδοχή (drogue) είναι  συνδεδεµένοι 
µε ένα βραχίονα, και κάθε βραχίονας είναι συνδεδεµένος σε µια βάση. Αυτό µπορεί να 
απλοποιηθεί στην µονοδιάστατη περίπτωση, βλέπε Εικόνα 3-3b. 
 
Εικόνα 3-3. Μοντελοποίηση της Κρουστικής Αγκίστρωσης µεταξύ συστηµάτων σωµάτων: (α) Ιδέα και (β) 
Διάγραµµα ελευθέρου Σώµατος. 
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Αναφερόµενοι στην Εικόνα 3-3b, ο Κυνηγός είναι ενα σύστηµα 2 σωµάτων όπου η µάζα 
m1  αντιπροσωπευει την βάση του Κυνηγου και η µάζα m2  τον βραχίονα µε τον πρόβολο. Αυτοί 
συνδέονται µέσω ενός συστήµατος συγκεντρωµένων παραµέτρων (ένα ελατήριο και έναν 
αποσβεστήρα), µοντελοποίοντας την εσωτερική ενδοτικότητα του συστήµατος. Οµοίως, για τον 
Στόχο, ένα σύστηµα δύο µαζών (m3  και m4 ) συνδέονται µε στοιχεία συγκεντρωµένων 
παραµέτρων. Ειδικά για την µονοδιάστατη περίπτωση, ο µηχανισµός αγκίστρωσης θεωρείται ότι 
είναι ένα ελατήριο, το οποίο είναι παράλληλο ή κάθετο ως προς την κίνηση των µαζών σε κρούση. 
Αυτή η µέθοδος µοντελοποίησης είναι παρόµοια µε γνωστές προσεγγίσεις όπως εκείνες που 
χρησιµοποιούνται για να συνδέουν στοιχεία συγκεντρωµένων παραµέτρων, [35] και [151]. Αυτό 
είναι το γενικό σενάριο το οποίο θα χρησιµοποιηθεί σε αυτή την εργασία και βασίζεται στις 
τρέχουσες τάσεις της τεχνολογίας στον χώρο.  
Έτσι, είναι χρήσιµο να µοντελοποιήσει τα σύστηµα στερεών σωµάτων υπό την επίδραση 
των συστηµάτων ως 2 – σώµατα. Η προσέγγιση αυτή είναι γνωστή ως αναγνώριση ισοδύναµου 
συστήµατος δύο σωµάτων, [164]. Αυτό είναι ένα " n" σύστηµα πολλών σωµάτων σε κρούση, και 
µπορεί να µοντελοποιηθεί ως ένα σύστηµα 2 - σωµάτων µε ένα σώµα που είναι ισοδύναµο µε τις 
πρώτες k  µάζες, και το δεύτερο σώµα ισοδύναµο µε τις υπόλοιπες n − k  µάζες, που συνδέονται 
µε ισοδύναµα στοιχεία ελατηρίου / αποσβεστήρα . Η γενική υπόθεση φαίνεται στο Εικόνα 3-4. Ας 
υποθέσουµε ότι ένα διαστηµικό ροµπότ αποτελείται από ένα κυρίως σώµα, κάποια εύκαµπτα 
εξαρτήµατα (π.χ. κεραίες, ηλιακά πάνελ) και ένα βραχίονα µε n −1  συνδέσεις. Χωρίς την 
εισαγωγή µεγάλου λάθους, µπορούµε να αγνοήσουµε τις µικρές µάζες που βρίσκονται µακριά από 
το σηµείο πρόσκρουσης και να εισαχθεί µια πολύ µεγαλύτερη µάζα στη µέση. Επιπρόσθετα οι 
υπόλοιπες αρθρώσεις είναι κλειδωµένες πλην µίας που µπορεί να περιστρέφεται. 
Όπως είναι γνωστό από τα χαρακτηριστικά των επί µέρους σωµάτων µπορούν να 
υπολογιστούν τα χαρακτηριστικά των νέων σωµάτων. Για παράδειγµα το κέντρο της µάζας (ΚΜ) 
του συστήµατος n - σώµατος είναι 
 rcm =
r1 ⋅m1+r2 ⋅m2 + ...+rk ⋅mk +rk+1 ⋅mk+1+ ...+rn−1 ⋅mn−1+rn ⋅mn
m1+m2 + ...+mk +mk+1+ ...+mn−1+mn
  (7) 
Το ΚΜ του συστήµατος 2-σωµάτων είναι 
 rcm =
rBI ⋅mBI +rBII ⋅mBII
mBI +mBII
  (8) 
άρα 
 mBI ⋅rBI = mi ⋅rii=1
k
∑   (9) 
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 mBII ⋅rBII = mi ⋅rii=k+1
n
∑   (10) 
 
Εικόνα 3-4. Ισοδύναµο ενώς συστήµατος n-σωµάτων µε ένα σύστηµα 2-σωµάτων. 
Με την ενσωµάτωση αυτής της µεθοδολογίας είναι δυνατό να βρεθεί ένα ισοδύναµο 
σύστηµα 2-σωµάτων για κάθε σύστηµα πολλών σωµάτων. Αυτό θα είναι χρήσιµο στις επόµενες 
ενότητες, προκειµένου να καθοριστεί αν µια σύγκρουση µεταξύ δύο συστηµάτων 2-σωµάτων 
µπορεί να οδηγήσει σε µεταξύ τους προσέγγιση ή σε αποµάκρυνση. 
3.3 Θεωρία Κρούσης Συστηµάτων Πολλών Στερεών Σωµάτων (Rigid 
Multibody Impact Theory) 
Τα κοινά µοντέλα συστηµάτων πολλών σωµάτων χρησιµοποιούν τεχνικές που έχουν σχεδιαστεί 
κατά τρόπο υπολογιστικά ακριβούς. Ακόµα και µε τους νέους αλγορίθµους και την αυξηµένη 
υπολογιστική ισχύ που υπάρχει σήµερα, ο υπολογισµός της συµπεριφοράς των κρούσεων ενός 
συστήµατος n-σωµάτων χρειάζεται αρκετό χρόνο και δεν είναι κατάλληλος για τον υπολογιστή 
ενός διαστηµικού συστήµατος κατά τη διάρκεια αποστολών που περιλαµβάνουν κρούσεις. 
Για αυτόν τον λόγο προτείνεται η Θεωρία Κρούσης Συστηµάτων Πολλών Στερεών 
Σωµάτων (Rigid Multibody Impact Theory - RMIT), [126]. Η διαφορά της από άλλες θεωρίες 
κρούσης συστηµάτων πολλών σωµάτων, είναι ότι τα σώµατα θεωρούνται σαν συνολικά 
1
2
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συστήµατα (Κυνηγός και Στόχος) και παράλληλα ως ξεχωριστές µάζες (2 µάζες για τον Κυνηγό 
και 2 µάζες για τον Στόχο) ταυτόχρονα, δες Εικόνα 3-5. Πιο αναλυτικά, έστω ένας Κυνηγός που 
είναι ένα Σύστηµα πολλών Σωµάτων, συνολικής µάζας mc  η οποία µπορεί να αντικατασταθεί από 
δυο µάζες m1  και m2 , ενωµένες από ένα ελατήριο kc  και έναν αποσβεστήρα cc  αναπαριστώντας 
την εσωτερική ενδοτικότητα. Αντίστοιχα, έστω ένας Στόχος που είναι επίσης ένα Σύστηµα 
Πολλών Σωµάτων συνολικής µάζας mt  η οποία µπορεί να αντικατασταθεί από δύο µάζες, m3  και 
m4 , ενωµένες από ένα ελατήριο kt  κι έναν αποσβεστήρα ct  αναπαριστάνοντας την αντίστοιχη 
ενδοτικότητα. Κατά την κρούση πρώτα έρχονται σε επαφή οι µάζες m2  και m3 . Αυτό σηµαίνει 
ότι τα χαρακτηριστικά της κρούσης είναι συνδεδεµένοι µε αυτές τις µάζες. Ωστόσο την ίδια ώρα, 
η κρούση συµβαίνει και µεταξύ των συνολικών µαζών, mc  και mt  που περιλαµβάνουν τις µάζες  
m2  και m3 . Με άλλα λόγια κατά την κρούση υπάρχει µια ανταλλαγή ενέργειας τόσο µεταξύ των 
σωµάτων σε κρούση (m2  και m3 ) όσο και µεταξύ των ολικών µαζών (mc  και mt ). Κατά την 
διάρκεια αυτής της ανάλυσης θα αποδειχθεί ότι µε την χρήση εξισώσεων από την θεωρία της 
κρούσης στερεών σωµάτων, µπορεί κάνεις να εκτιµήσει την συµπεριφορά των συνολικών 
συστηµάτων χωρίς ιδιαίτερες υπολογιστικές απαιτήσεις. 
Ορίζονται τέσσερις διαφορετικές ενεργές µάζες. Πιο συγκεκριµένα, η ενεργή µάζα του 
συνόλου Κυνηγού και Στόχου είναι: 
 mi,ef =
mc ⋅mt
mc +mt
  (11) 
η ενεργή µάζα των σωµάτων υπό κρούση (τα σώµατα που έρχονται σε επαφή) 
 
Εικόνα 3-5. Η ιδέα πίσω από το µοντέλο RMIT. 
 µi,ef =
m2 ⋅m3
m2 +m3
  (12) 
και οι ενεργές µάζες για τους Κυνηγό και Στόχο είναι 
m1 m2 m3 m4
mc mt
ktkc ki
ci ctcc
Urel ,ii−
Chaser Target
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 µc =
m1 ⋅m2
m1+m2
  (13) 
 µt =
m3 ⋅m4
m3+m4
  (14) 
Λόγω της κρούσης “i” (δες επίσης το Κεφ. 2.3 για τον ορισµό), δηµιουργείται ώθηση Pimpi , ίση µε 
 Pimpi = 1+e*( )⋅Urel ,ii− ⋅µi,ef   (15) 
όπου η Urel ,ii−  είναι η σχετική ταχύτητα των σωµάτων σε κρούση πριν την κρούση “i”, και ο e*  
είναι ο συντελεστής επανάταξης. Σηµειώστε ότι από τώρα και στο εξής, ότι τα σηµεία που 
χρησιµοποιούνται σε εκθέτες έχουν την ακόλουθη έννοια: " - " αντιπροσωπεύει µια τιµή µόλις 
πριν από την πρόσκρουση και το " + " αντιπροσωπεύει µια τιµή λίγο µετά την πρόσκρουση. 
Επίσης αναπτύσσεται η ίδια ώθηση Pimpi  µεταξύ m2  και m3 , και µεταξύ mc  και mt , Error! 
Reference source not found..  
Αν οριστεί τώρα η σχετική ταχύτητα µεταξύ των συστηµάτων Urel ,si±  πριν ή µετά την 
κρούση "i" όπως, 
 Urel ,si± =Vci± −Vti±   (16) 
όπου Vji± , j = c,t  είναι η απόλυτη ταχύτητα του Κυνηγού (c) ή Στόχου (t) πριν ή µετά την κρούση 
" i" σε σχέση µε το ίδιο ΣΣ. Μπορεί κανείς να δει ότι ισχύουν οι ακόλουθες σχέσεις, 
 Pimpi = mc ⋅ Vci− −Vci+( )   (17) 
 −Pimpi = mt ⋅ Vti− −Vti+( )   (18) 
λόγω αρχή δράσης - αντίδρασης. Ως εκ τούτου, η σχετική ταχύτητα του ΚΜ των Κυνηγών και 
Στόχου είναι µετά την πρόσκρουση 
 
Urel ,si+ =Vci+ −Vti+ = Vci− −
Pimpi
mc
⎛
⎝⎜
⎞
⎠⎟
− Vti− +
Pimpi
mt
⎛
⎝⎜
⎞
⎠⎟
= Vci− −Vti−( )− Pimpi ⋅ 1mc +
1
mt
⎛
⎝⎜
⎞
⎠⎟
⇒
⇒Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
  (19) 
Χρησιµοποιώντας την (15) 
 Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
=Urel ,si− −
1+ e*( ) ⋅Urel ,ii− ⋅µi,ef
mi,ef
  (20) 
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Η (20) δείχνει ότι η σχετική ταχύτητα µεταξύ των δύο συστηµάτων στερεών σωµάτων µετά την 
κρούση σχετίζεται µε τη σχετική ταχύτητα των δύο συστηµάτων στερεών σωµάτων πριν από την 
πρόσκρουση,  και µειώνεται κατά το ποσό που σχετίζεται µε το συντελεστή επανάταξης, την 
σχετική ταχύτητα µεταξύ των φορέων υπό κρούση (i.e. m2  and m3 ) και τον τρόπο που οι µάζες 
όλων των σωµάτων κατανέµονται µεταξύ τους (m1,m2,m3,m4 ,mc ,mt ).  
Αν η σχετική ταχύτητα πριν την κρούση Urel ,ii−  γραφτεί ως 
 Urel ,ii− =Urel ,si− +δUreli−   (21) 
όπου η δUreli−  είναι η σχετική διαφορά των ταχυτήτων λόγω της εσωτερικής κίνησης τους στο 
πλαίσιο των συστηµάτων αυτών (εδώ µε τη µορφή των ταλαντώσεων), όταν η σχετική ταχύτητα 
των συστηµάτων έχει αφαιρεθεί. Με την χρήση των (20) και (21) βρίσκει κάνεις 
 
Urel ,si+ =Urel ,si− −
Pimpi
mi,ef
=Urel ,si− −
1+e*( )⋅ Urel ,si− +δUreli−( )⋅µi,ef
mi,ef
⇒
⇒Urel ,si+ = 1−
1+e*( )⋅µi,ef
mi,ef
⎛
⎝⎜
⎞
⎠⎟
Urel ,si− −
1+e*( )⋅µi,ef
mi,ef
⋅δUreli−
  (22) 
Χρησιµοποιώντας τον συµβολισµό eI  για τον λόγω των ενεργών µαζών 
 eI =
µi,ef
mi,ef
  (23) 
Στην πραγµατικότητα ο λόγος eI  δίνει ένα µέτρο της ενέργειας που µεταφέρθηκε µεταξύ των 
σωµάτων που ήρθαν σε κρούση σε σχέση µε τις ολικές µάζες. Συνδέοντας τα στην (22) 
 eI* = 1+e*( )⋅eI   (24) 
µπορεί να γράψει κανείς  
 Urel ,si+ = 1−eI*( )Urel ,si− −eI* ⋅δUreli−   (25) 
Για να µπορέσει να γίνει πιο κατανοητή η eI , έστω ότι τα ΄σώµατα πριν την κρούση είναι σε 
ηρεµία 
 δUreli− = 0   (26) 
Η (25) απλοποιείται σε 
 Urel ,s1+ = 1−eI*( )Urel ,s1−   (27) 
Εάν (23) εξεταστεί 
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eI =
µi,ef
mi,ef
= m2m3 m2 +m3( )
−1
mcmt mc +mt( )−1
= m2 ⋅m3 ⋅ mc +mt( )mc ⋅mt ⋅ m2 +m3( )
= m2 ⋅m3 ⋅ m1+m2 +m3+m4( )m1+m2( )⋅ m3+m4( )⋅ m2 +m3( )
=
= m1m2m3+m2
2m3+m2m32 +m2m3m4
m1m2m3+m1m32 +m1m2m4 +m1m3m4 +m22m3+m2m32 +m22m4 +m2m3m4
⇒
⇒ eI =
A
A+m1 ⋅m32 +m1 ⋅m2 ⋅m4 +m1 ⋅m3 ⋅m4 +m22 ⋅m4
≤1
where A=m1 ⋅m2 ⋅m3+m22 ⋅m3+m2 ⋅m32 +m2 ⋅m3 ⋅m4
and m1,m2,m3,m4 ≥0
 (28) 
Άρα βλέπει κάνεις ότι 
 0≤ eI ≤1   (29) 
και 
 0≤µi,ef ≤mi,ef   (30) 
Ο συντελεστής eI  διαδραµατίζει σηµαντικό ρόλο στον καθορισµό του κατά πόσον η Chaser 
θα συνεχιστεί , να σταµατήσει ή να αλλάξει την κατεύθυνση της κίνησης µετά από µία 
σύγκρουση. Για να εξεταστεί η σηµασία του συντελεστή, έστω µια απολύτως ελαστική κρούση 
e* =1( )  κι έτσι από τις (24) και (27) 
 Urel ,s1+ = 1−eI*( )Urel ,s1− = 1−2⋅eI( )Urel ,s1−   (31) 
Χρησιµοποιώντας την (31), µπορεί κανείς να δει τις έξης περιπτώσεις: 
a) eI = 0⇒Urel ,s1+ =Urel ,s1− : Διατηρώντας την ίδια ακριβώς ταχύτητα πριν και µετά την κρούση 
σηµαίνει ότι, στην πραγµατικότητα, καµία κρούση δεν συνέβη. Αυτή είναι µια οριακή 
περίπτωση του λόγου eI . 
b) eI =1⇒µi,ef =mi,ef ⇒Urel ,s1+ =−Urel ,s1− : Άλλη µια ακραία τιµή του eI . Στην 
πραγµατικότητα, µοιάζει µε µια σύγκρουση µεταξύ 2 απολύτως στερεών σωµάτων. Η 
σχετική ταχύτητα των δύο συστηµάτων γίνεται η σχετική ταχύτητα των δύο στερεών 
σωµάτων. 
Και στις δύο περιπτώσεις (a) και (b) οι οριακές περιπτώσεις αποδεικνύουν τη γενικότητα 
του συντελεστή. 
c) eI =
1
2⇒Urel ,s
1+ = 0 : το ΚΜ των δύο συστηµάτων στερεών σωµάτων κινούνται µε την ίδια 
σχετική ταχύτητα µετά την κρούση. 
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d) 0< eI <
1
2⇒Urel ,s
1+ ⋅Urel ,s1− >0 : το ΚΜ των δύο συστηµάτων στερεών σωµάτων θα έχει 
θετική σχετική ταχύτητα µετά την κρούση. Ο Κυνηγός θα προσεγγίσει και πάλι τον Στόχο. 
Αυτή είναι µια ευνοϊκή κατάσταση κατά τη διάρκεια της σύνδεσης / σύλληψης. 
e) 
1
2 < eI <1⇒Urel ,s
1+ ⋅Urel ,s1− <0 : Το ΚΜ των δύο συστηµάτων στερεών σωµάτων θα έχουν 
αρνητική σχετική ταχύτητα µετά την κρούση. Πρακτικά ο Στόχος θα αποµακρυνθεί από 
τον Κυνηγό. Αυτό θα αποτρέψει την σύνδεση / σύλληψη. 
Τα παραπάνω αποτελέσµατα αποδεικνύουν επιπλέον ότι η συµπεριφορά των κρούσεων 
εξαρτάται από την αναλογία των µαζών, και όχι στις µάζες per se. Αυτό είναι σύµφωνο µε 
αποτελέσµατα που παρουσιάζονται στο [84]. 
3.3.1 Μελέτη του eI  
Είναι ενδιαφέρον να εξεταστεί η συµπεριφορά του eI  σε σχέση µε τις αναλογίες µαζών. Για αυτόν 
τον λόγο ορίζονται 
 λi =
m2
m3
λc =
m1
m2
λt =
m4
m3
  (32) 
έτσι ο eI  γίνεται 
 
eI =
µi,ef
mi,ef
= m2 ⋅m3m2 +m3
⋅ m1+m2 +m3+m4m1+m2( )⋅ m3+m4( )
⇒
⇒ eI =
λc +1( )⋅λi + λt +1( )( )
λi +1( )⋅ λc ⋅+1( )⋅ λt +1( )
  (33) 
Αναλογίες Μαζών 
Στον επόµενο Πίνακας 3-1, βρίσκονται συνοπτικά οι αναλογίες µαζών. στον Πίνακας 3-2 
οι παρουσιάζονται επίσης ειδικές περιπτώσεις. Χρησιµοποιώντας αυτό τον πίνακα, ένας 
σχεδιαστής (ενός συστήµατος ή ενός ελεγκτή) θα είναι σε θέση να αξιολογήσει τα αποτελέσµατα 
µιας σύγκρουσης µεταξύ δύο συστηµάτων στερεών σωµάτων πολύ πιο γρήγορα, για να εξετάσει 
αν µια κρούση θα οδηγήσει σε περαιτέρω προσέγγιση των δύο συστηµάτων στερεών σωµάτων ή 
όχι, και σε περίπτωση που µπορεί να αλλάξει ορισµένες παραµέτρους on-line, π.χ την 
ενδοτικότητα των κατάλληλων αρθρώσεων, ώστε να µεταβάλλει την αναλογία λc  τότε µπορεί να 
επιτύχει µια κρούση µε eI→0.5 . 
 
Σύλληψη Διαστηµικών Συστηµάτων σε Τροχιά από Ροµποτικά Συστήµατα  Ιωσήφ Σ. Παρασκευάς 
Εκτεταµένη Περίληψη Διδακτορικής Διατριβής 214 ΕΜΠ - 2015 
Πίνακας 3-1. Επίδραση µαζών στον eI . 
    
Κυνηγός Σώµατα σε Κρούση Στοχος 
   Μείωση 
   Αύξηση 
   Τείνει στο 0.5 
   Μείωση 
   Αύξηση 
   Μείωση 
   Αύξηση 
   Τείνει στο 0.5 
 
Πίνακας 3-2. Υπολογισµός του eI  σε ειδικές περιπτώσεις. 
    
Κυνηγός Σώµατα σε Κρούση Στοχος 
    
0    
  0 
 
    
c   Λύση για 0.5 
 c  Λύση για 0.5 
  c Λύση για 0.5 
 
m1 m2 m3m2 m3 m4 eI
 m1  m2 m2 = m3  m4  m3
 m1  m2 m2 = m3  m4  m3
 m1  or m2  m2  m3 m4 = m3
 m1  m2  m2  m3 m4 = m3
 m1  m2  m2  m3 m4 = m3
m1 = m2  m2  m3  m4  m3
m1 = m2  m2  m3  m4  m3
m1 = m2  m2  m3  m4  or m3
m1 m2 m3m2 m3 m4 eI
λ λi λ
1
λ +1( )
λi λt
1
λi +1( )
λc λi
λc +1( ) ⋅λi +1( )
λi +1( ) ⋅ λc ⋅+1( )
λc λi +∞
1
λi +1( ) ⋅ λc ⋅+1( )
λi λt
λc λt
λc λi
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3.4 Εκτίµηση Θεωρίας µε Χρήση MATLAB/Simulink 
3.4.1 Περιγραφή Προσοµοιώσεων 
Για να επαληθευτεί η θεωρία RMIT, δηµιουργήθηκε ένα µοντέλο MATLAB/Simulink. Για να 
ελεγχθεί η εγκυρότητα των προτάσεων, το µοντέλο είναι πλήρως αναλυτικό. Κάθε σύστηµα 
(Κυνηγού και Στόχου) έχει διαµορφωθεί ως σύστηµα 2 - µαζών µε ελατήριο κι αποσβεστήρα. Οι 
δυνάµεις επαφής µεταξύ των φορέων σε κρούση υπολογίζονται µε το µοντέλο KV (για την 
απλοποίηση της διαδικασίας). Ειδικότερα, η κρούση διαµορφώνεται από ένα σύστηµα ελατηρίου - 
αποσβεστήρα, που µπορεί µόνο να συµπιεστεί. Καθώς εκτελείται η προσοµοίωση, το Simulink 
υπολογίζει τις ταχύτητες των µαζών κατά την πρόσκρουση, και την διείσδυση τους. Αυτή η 
διείσδυση τροφοδοτεί το µοντέλο κρούσης και αναπτύσσεται µια δύναµη η οποία ωθεί µακριά τις 
µάζες. Ως εκ τούτου, πριν και µετά την κρούση, η προσοµοίωση παρουσιάζει δύο συστήµατα 2 - 
σωµάτων, και κατά την πρόσκρουση ένα σύστηµα 4 - σωµάτων. Καµία εξίσωση που απορρέει από 
την προτεινόµενη RMIT δεν χρησιµοποιήθηκε στην εξοµοίωση. Έτσι, η ισχύς της προτεινόµενης 
θεωρίας εξετάζεται µέσω ενός πλήρους βισκοελαστικού συστήµατος. 
Στα µπλοκ του Simulink, ο χρήστης µπορεί να ρυθµίσει το µέγεθος όλων των µαζών, την 
αρχική ταχύτητα του Κυνηγού (ο στόχος υποτίθεται ακίνητος σε σχέση µε τον Κυνηγό κατά την 
έναρξη της προσοµοίωσης, χωρίς απώλεια της γενικότητας), και την δυσκαµψία και την απόσβεση 
όλων των ελατήριων και αποσβεστήρων, συµπεριλαµβανοµένης και της δυσκαµψίας της επαφής 
και της απόσβεσης, σύµφωνα µε το µοντέλο κρούσης (π.χ. εδώ KV). 
3.4.2 Έλεγχος της RMIT 
Προκειµένου να ελεγχθούν οι θεωρητικοί υπολογισµοί για την σχετική ταχύτητα µετά την κρούση 
µετά, σε σχέση µε την σχετική ταχύτητα πριν την κρούση, εξετάστηκαν διάφορες διαµορφώσεις. 
Όλες οι προσοµοιώσεις απέδειξαν την εγκυρότητα της προτεινόµενης θεωρίας.  
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Εικόνα 3-6. Σχετικές ταχύτητες µεταξύ Κυνηγού και Στόχου µετά την πρώτη κρούση. 
Πίνακας 3-3. Δεδοµένα και αποτελέσµατα πρώτου σετ προσοµοιώσεων. 
Property Example 
A 
Example 
B 
Example 
C 
Example 
D 
m1  (kg)  17 10 5 100 
m2  (kg)  2 10 50 20 
m3  (kg)  1.5 10 10 10 
m4  (kg)  15 10 100 200 
Contact Stiffness  (N /m)  1000 1000 1000 1000 
Chaser Stiffness  (N /m)  15000 15000 15000 15000 
Target Stiffness  (N /m)  200 200 200 200 
Initial Rel. Velocity  (m / s)  0.05 0.05 0.05 0.05 
Final Rel. Velocity (Eq. 33)  (m / s)  0.0403 0 0.02728 0.0413 
Final Rel. Velocity (sim)  (m / s)  0.0402 -0.000476 0.02715 0.0412 
Absolute Error  (m / s)  0.0001 0.000476 0.00013 0.0001 
Relative Error (%) 0.25 - 0.48 0.24 
 
Μια άλλη ενδιαφέρουσα σύγκριση , τα Παραδείγµατα Ε1 -E3 , επιτυγχάνεται 
χρησιµοποιώντας τις ίδιες µάζες, αλλά µε διαφορετικές ακαµψίας . Όπως φαίνεται στο Εικόνα 3-7 
Η διάρκεια της µεταβολής επιπτώσεων (το οποίο είναι λογικό), αλλά όχι η τελική τιµή της 
σχετικής ταχύτητας των συστηµάτων µετά την κρούση. Η πλήρης σειρά των επιπτώσεων δεν 
παρουσιάζεται. 
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Πίνακας 3-4. Δεδοµένα και αποτελέσµατα δεύτερου σετ προσοµοιώσεων. 
Property Example 
E1 
Example 
E2 
Example 
E3 
Example 
F 
m1  (kg)  17 17 17 10 
m2  (kg)  2 2 2 10 
m3  (kg)  1.5 1.5 1.5 10000000 
m4  (kg)  15 15 15 1 
Contact Stiffness  (N /m)  10 100 10000 1000 
Chaser Stiffness  (N /m)  150 15000 1500000 15000 
Target Stiffness  (N /m)  2 20 2000 500 
Initial Rel. Velocity  (m / s)  0.05 0.05 0.05 0.05 
Final Rel. Vel. (Eq. 33)  (m / s)  0.0403 0.0403 0.0403 0 
Final Rel. Velocity (sim)  (m / s)  0.0402 0.04029 0.04029 -0.00167 
Absolute Error  (m / s)  0.0001 0.00001 0.00001 -0.00167 
Relative Error (%) 0.25 0.025 0.025 - 
 
 
Εικόνα 3-7. Σχετικές ταχύτητες µεταξύ Κυνηγού και Στόχου µετά την πρώτη κρούση. 
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4 Ελαχιστοποίηση Κρουστικών Αντιδράσεων µε την 
Χρήση του Κρουστικού Κέντρου 
4.1 Εισαγωγή 
Αυτό το κεφάλαιο θέτει τη θεωρητική βάση του Κρουστικού Κέντρου (ΚΚ) για την επίπεδη και 
τρισδιάστατη περίπτωση, όπου επίσης παρουσιάζεται η έννοια του Συντελεστή Σχεδιασµού 
Κρούσης (ΣΣΚ). Η επίδραση των αβεβαιοτήτων σχετικά µε τις παραµέτρους του συστήµατος ή 
των κρούσεων εξετάζονται µε τη χρήση αδιάστατων µεταβλητών. Με αυτό τον τρόπο είναι δυνατό 
να εκτιµηθεί η απόδοση µιας ροµποτικής διαδικασίας η οποία περιλαµβάνει κρούσεις, και να 
εκτιµηθεί το µέγεθος των ανεπιθύµητων αποτελεσµάτων που µπορούν να την καταστήσουν 
ανεπιτυχή. Στη συνέχεια, παρουσιάζεται η θεωρία του ΚΚ σε συστήµατα πολλών σωµάτων 
χρησιµοποιώντας τη µέθοδο Newton-Euler (ΝΕΑ) κι η χρήση της σε αυτά, καθώς επίσης 
παρουσιάζεται και µια µέθοδος ελέγχου για την αξιοποίηση του φαινοµένου σε µη-ελεύθερες 
αρθρώσεις. Για το λόγο αυτό, προτείνεται ένας ελεγκτής που εκµεταλλεύεται το ΚΚ. Στη 
βιβλιογραφία το ΚΚ έχει χρησιµοποιηθεί κυρίως ως σηµείο αναφοράς, ενώ στην πραγµατικότητα 
χρησιµοποιήθηκαν κάποια άλλα είδη ελεγκτών (π.χ. PD) για τον έλεγχο των ροπών των 
κινητήρων, [2] και [4]. Κατά την καλύτερη γνώση του συγγραφέα, αυτή είναι η πρώτη φορά που 
το ΚΚ χρησιµοποιείται στον πυρήνα των υπολογισµών των ροπών ελέγχου. Αναφέρονται επίσης 
οι κατευθυντήριες γραµµές υλοποίησης για διάφορους τύπους βραχίονα. Τέλος, προσοµοιώσεις 
του συστήµατος ροµπότ επίπεδου χώρου, και ενός τρισδιάστατου ροµπότ µε ένα βραχίονα 3R 
επιβεβαιώνει το όφελος της χρήσης του ΚΚ κατά τη διάρκεια εργασιών που περιλαµβάνουν 
κρούσεις. Η αρχική ιδέα έχει περιγραφεί στις [121] και [125], και αναγκαίες θεωρητικές και 
αναλυτικές αποδείξεις θα συµπεριληφθούν εδώ για λόγους ευκολίας. Η επέκταση της θεωρίας, 
καθώς και ο ελεγκτής έχουν παρουσιαστεί στις [127] και [128]. 
4.2 Έννοια του Κρουστικού Κέντρου 
Το ΚΚ είναι µια ιδιότητα των σωµάτων που είναι σε θέση να περιστρέφονται γύρω από έναν 
σταθερό άξονα. Εάν µια κρούση γίνει στο ΚΚ, η δύναµη αντίδρασης που ασκείται επί του 
σταθερού άξονα περιστροφής (δηλαδή στα έδρανα της περιστροφικής άρθρωσης), τείνει στο 
µηδέν, βλέπε Εικόνα 4-1. 
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Εικόνα 4-1. Η έννοια του ΚΚ: Πώς οι αντιδράσεις µπορούν να µηδενισθούν. 
4.3 Κρουστικό Κέντρο στο Επίπεδο 
Για την αναλυτική µελέτη του ΚΚ, θεωρούµε το διάγραµµα ελευθέρου σώµατος στην Εικόνα 4-2. 
Υποθέτουµε ότι γίνεται κρούση σε κάποιο σηµείο (Σηµείο Κρούσης - IP) κατά µήκος του 
διαµήκους άξονα. Για λόγους γενικότητας, η κρουστική δύναµη µπορεί να έχει οποιαδήποτε 
κατεύθυνση. Η ισορροπία δυνάµεων και ροπών δίνει, 
 
 
−m ⋅ !vcm ⋅sinθ = −m ⋅!!θ⋅rcm ⋅sinθ = Nx − Fimp ⋅cos φ+ θ( )  (34) 
 
 
m ⋅ !vcm ⋅cosθ = m ⋅!!θ⋅rcm ⋅cosθ = N y − Fimp ⋅sin φ+ θ( )  (35) 
 
 
I o ⋅!!θ = −l ⋅Fimp ⋅sinφ  (36) 
 
Εικόνα 4-2. Διάγραµµα ελευθέρου σώµατος για ράβδο σε κρούση. 
όπου όλα τα σύµβολα δίνονται στην Εικόνα 4-2 και m είναι η µάζα του σώµατος. Η αδράνεια του 
σώµατος I o  γύρω από τον άξονα περιστροφής Ο είναι, 
  I
o = I c + m ⋅rcm
2   (37) 
RA
CM
CoP
Impact Translation Rotationabout CM
Pure Rotation: 
No Reaction
Inertia force
due to translation
Inertia force
due to rotation
CM
CoP
IP
O (RA)
m I c
vcmrcm
rcop
rl
Fimp
φ
θ
Ny
Nx
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όπου I c  είναι η αδράνεια του σώµατος γύρω από το Κέντρο Μάζας (ΚΜ). Η ταχύτητα vcm  του 
ΚΜ δίνεται από: 
  vcm = !θ ⋅rcm   (38) 
Το ΣΚ βρίσκεται στο 
 
 
l = lcop + r = rcop + rcm( ) + r  (39) 
από το σηµείο O, όπου r  είναι η απόκλιση του IP από το ΚΚ. Ολοκληρώνοντας τις (34) - (36) για 
πάρα πολύ µικρό χρονικό διάστηµα, οι δυνάµεις µετατρέπονται σε ωθήσεις και οι επιταχύνσεις σε 
ταχύτητες, π.χ., 
 ΩNx = limε→0 Nx dt
0
ε
∫   (40) 
όπου ε  είναι η διάρκεια της κρούσης. Άλλες µεταβλητές, όπως η γωνία περιστροφής θ  και η 
γωνία κρούσης φ  , παραµένουν ανεπηρέαστες λόγων των υποθέσεων. Έτσι οι (34) - (36) γίνονται 
 
 
m ⋅vcm ⋅sinθ = ΩNy +ΩFimp ⋅cos(φ +θ )   (41) 
 
 
m ⋅vcm ⋅cosθ = ΩNx −ΩFimp ⋅sin(φ +θ )   (42) 
 
 
Io ⋅ !θ = ΩFimp ⋅ l ⋅sinθ ⋅cos φ +θ( )−ΩFimp ⋅ l ⋅cosθ ⋅sin φ +θ( )⇒
⇒ Io ⋅ !θ = ΩFimp ⋅ l ⋅ sinθ ⋅cos φ +θ( )− cosθ ⋅sin φ +θ( )⎡⎣ ⎤⎦⇒
⇒ Io ⋅ !θ = −ΩFimp ⋅ l ⋅sinφ
  (43) 
Το  !θ  είναι η γωνιακή ταχύτητα, κι έτσι από το (38), 
 
 
Io ⋅ !θ = Io ⋅
vcm
rcm
= −ΩFimp ⋅ l ⋅sinφ ⇒ vcm = −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ   (44) 
και αντικαθιστώντας την (44) στις (42) και (43) 
 
 
ΩNx −ΩFimp ⋅sin φ +θ( )
m ⋅cosθ
= −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ ⇒
⇒ΩNx = ΩFimp ⋅sin φ +θ( )−
ΩFimp ⋅ l ⋅rcm ⋅m
Io
⋅cosθ ⋅sinφ ⇒
⇒ΩNx = ΩFimp ⋅ sin φ +θ( )−
l ⋅rcm ⋅m
Io
⋅cosθ ⋅sinφ
⎛
⎝⎜
⎞
⎠⎟
  (45) 
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ΩNy +ΩFimp ⋅cos φ +θ( )
m ⋅cosθ
= −
ΩFimp ⋅ l ⋅rcm
Io
⋅sinφ ⇒
⇒ΩNy = −ΩFimp ⋅cos φ +θ( )−
ΩFimp ⋅ l ⋅rcm ⋅m
Io
⋅sinθ ⋅sinφ ⇒
⇒ΩNy = ΩFimp ⋅ −cos φ +θ( )−
l ⋅rcm ⋅m
Io
⋅sinθ ⋅sinφ
⎛
⎝⎜
⎞
⎠⎟
  (46) 
Το µέγεθος της ώθησης των αντιδράσεων N , ΩN , δίνεται από το 
  
ΩN
2 = ΩNx
2 +ΩNy
2 = ΩFimp
2 ⋅ 1+ CID
2 − 2 ⋅CID( ) ⋅sin2 φ⎡⎣ ⎤⎦  (47) 
µε 
 
 
CID =
l ⋅rcm ⋅ m
I o
 (48) 
όπου µε CID  είναι ο Συντελεστής Σχεδιασµού Κρούσης (ΣΣΚ). Οι εξισώσεις απλοποιούνται αν 
εξεταστεί η αδιάστατη ώθηση, δηλαδή, 
 
 
!ΩN = ΩN
2 ΩFimp
2  (49) 
Για να βρεθεί το ΚΚ, η αντίδραση γίνεται ίση µε το µηδέν, άρα 
 
 
!ΩN = 0 ⇔φ = ±sin
−1 2 ⋅CID −CID
2( )−1/2⎡⎣⎢
⎤
⎦⎥
= ±sin−1β  (50) 
Αποδεικνύεται ότι αυτό συµβαίνει αν και µόνο αν, 
 
 
!ΩN = 0⇔β = 1⇔ CID = 1 and φ = ±π 2  (51) 
Η εξίσωση (51) δείχνει την µοναδικότητα του ΚΚ κατά µήκος του διαµήκη άξονα µιας ράβδου. 
Από την (48), και χρησιµοποιώντας τις (37), (51) και (39) για r = 0  (κρούση στο ΚΚ), βρίσκεται 
το σηµείο του ΚΚ 
 
 
CID =
l ⋅rcm ⋅m
I o
= 1⇔ rcop =
I c
rcm ⋅m
 (52) 
4.4 Κρουστικό Κέντρο στον Χώρο 
Έστω ένα στερεό σώµα στο χώρο, Εικόνα 4-3, όπου το Κέντρο Περιστροφής (ΚΠ) του βρίσκεται 
στην σφαιρική άρθρωση Ο, και έστω µια δύναµη Fimp  που ασκείται στο ΣΚ. 
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Εικόνα 4-3. Τρισδιάστατο στερεό σώµα που µπορεί να περιστραφεί γύρω από σφαιρική άρθρωση. 
Οι εξισώσεις κίνησης για το Σύστηµα Συντεταγµένων (ΣΣ) a :{xyz}  είναι 
 
 
aFo = m ⋅ a !v∑ cm = aN + aFimp   (53) 
 
 
a Mo = d dt
a Io ⋅ aω( ) = a limp × a Fimp( )∑  (54) 
όπου N  είναι η αντίδραση στο O, Io  είναι ο πίνακας αδράνειας του σώµατος ως προς το O, Fo  
και Mo  είναι το διανυσµατικό άθροισµα των δυνάµεων και ροπών σε σχέση µε το Ο αντίστοιχα, 
vcm  είναι η γραµµική ταχύτητα στο ΚΜ και ω  είναι η γωνιακή ταχύτητα του σώµατος γύρω από 
O. Για οποιοδήποτε ΣΣ ισχύουν ( 13  είναι ο µοναδιαίος πίνακας 3x3) 
 vcm = ω × rcm   (55) 
 limp = rcm + rimp = rcm + rcop + r = lcop + r  (56) 
 
 
Io = Ic + m ⋅ rcm
T ⋅rcm ⋅13 − rcm ⋅rcm
T( )  (57) 
όπου Ic  είναι ο πίνακας αδράνειας γύρω από το ΚΜ, και τα διανύσµατα δίνονται από την Εικόνα 
4-3. Ολοκληρώνοντας για µικρή διάρκεια (όπως στις (40)) (53) και (54), και µε χρήση της (55) 
 m ⋅ avcm = m ⋅ ω × rcm( ) =ΩN +ΩFimp   (58) 
 
 
a Io ⋅ aω = a limp ×ΩFimp   (59) 
και ύστερα από πράξεις της (58) και της (59) τελικά προκύπτει 
 a Io ⋅ aω = a limp × m ⋅ aω × arcm − aΩN( )⎡⎣ ⎤⎦   (60) 
όπου aΩN  είναι η αντίδραση στο O. 
t
s
n
z
x
y
N
vcm
O
a: {xyz}
b: {nst}
rcm
rimp
Fimp
l imp
rcop r
l cop= rcm+ rcop
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Η κρούση Fimp  και η αντίστοιχη αντίδραση N  µπορούν να θεωρηθούν ως το διανυσµατικό 
άθροισµα των κάθετων συνιστωσών Fimp⊥  και N⊥ , και των παράλληλων συνιστωσών  Fimp!  και 
 N!  ως προς το διάνυσµα limp , ανεξάρτητα από το ΣΣ. Το ίδιο ισχύει και για τις ωθήσεις, άρα 
 
 
ΩFimp =ΩFimp⊥ +ΩFimp!   (61) 
  ΩN =ΩN⊥ +ΩN!   (62) 
Η παράλληλη συνιστώσα  ΩN! , που αντιστοιχεί στην παράλληλη συνιστώσα της κρούσης  ΩFimp!  
δεν µπορεί να ελαχιστοποιηθεί. Αυτό συµβαίνει επειδή η  Fimp!  δεν παράγει ροπή γύρω από το O 
και η γραµµή εφαρµογής της περνάει από το ΣΠ. Έτσι ο στόχος είναι να ελαχιστοποιηθεί η ΩN⊥  
από την Fimp⊥ . Τα προηγούµενα περιγράφονται από το εσωτερικό γινόµενο 
 limp ⋅Fimp⊥ = 0   (63) 
Σηµειώστε ότι η (63) ισχύει για κάθε ΣΣ. Αυτή η συνθήκη είναι ποιοτικά ταυτόσηµη µε το την 
απαίτηση της γωνίας στην (51). Χρησιµοποιώντας την (62) στην (60), και µε δεδοµένο ότι το 
εξωτερικό γινόµενο παράλληλων διανυσµάτων είναι µηδενικό, µπορεί κανείς να βρει ότι, 
 a Io ⋅ aω − a limp × m ⋅ aω × arcm( ) = aΩN⊥ × a limp   (64) 
Για να µηδενισθεί η ΩN⊥ , απαιτείται το αριστερό µέλος της (64) να είναι ίσο µε το µηδέν (
a limp ≠ 0  αλλιώς η κρούση γίνεται πάνω στην άρθρωση). Σύµφωνα µε τον ορισµό του ΚΚ, θα 
πρέπει σε αυτό το σηµείο, a limp = a lcop , και τελικά 
 a Io ⋅ aω = a lcop × m ⋅ aω × arcm( )⇔ a Io ⋅ aω = m ⋅ arcm × aω( )× a lcop   (65) 
Κατά την κρούση, η ροπή σε σχέση µε το ΣΣ a :{xyz}  λόγω της Fimp  δίνεται από την 
 aM = a limp × aFimp  (66) 
Έτσι ο στιγµιαίος άξονας περιστροφής είναι  
 tˆ =
aM
aM  (67) 
Έστω επίσης τα µοναδιαία διανύσµατα nˆ  και sˆ  που είναι κάθετα µεταξύ τους αλλά και µε το 
διάνυσµα tˆ  ώστε να δηµιουργείται ένα ορθογώνιο ΣΣ b :{nst} . Η στιγµιαία γωνιακή ταχύτητα 
σε αυτό το ΣΣ είναι  
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 bω = 0 0 ω t( )T   (68) 
Είναι βολικότερο να γραφτεί η (65) ως 
  
a Io ⋅ aω = m a r×cm
aω× a lcop   (69) 
όπου r×  είναι ο πίνακας που αντιστοιχεί στο εξωτερικό γινόµενο  
 r = x y z( )T ⇔ r× =
0 −z y
z 0 −x
−y x 0
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
 (70) 
Να σηµειωθεί ωστόσο ότι ισχύει  
  
a Io = b
a R ⋅ bIo ⋅ b
a RT   (71) 
όπου  a Io  είναι ο πίνακας αδράνειας σε σχέση µε το Ο όπως φαίνεται από το ΣΣ b :{nst}  και  b
a R  
είναι ο πίνακας περιστροφής από το ΣΣ b :{nst}  στο ΣΣ a :{xyz} . Το ίδιο ισχύει και για τα 
 r
×
cm  και  
aω× . Η εξίσωση (69) µπορεί να γραφτεί ως 
 
 
a Io ⋅ aω = m a r×cm
aω× a lcop ⇒
⇒ b
a R ⋅ bIo ⋅ b
a RT ⋅ aω = m b
a R ⋅ br×cm ⋅ b
a RT ⋅ b
a R ⋅ bω× ⋅ b
a RT ⋅ a lcop ⇒
⇒ b
a R ⋅ bIo ⋅ bω = m b
a R ⋅ br×cm ⋅
bω× ⋅ b lcop ⇒
⇒ b
a R ⋅ bIo ⋅ bω − mbr×cm ⋅
bω× ⋅ b lcop( ) = 0
  (72) 
Όµως από το Error! Reference source not found. 
 
 
det b
a R( ) = +1   (73) 
άρα η µόνη λύση για την (72) είναι 
 b Io ⋅ bω = mbr×cm bω× b lcop   (74) 
Η (74) µε την χρήση της (68) και ένα γενικό πίνακα αδράνειας 
 
 
bIo =
bI onn
bI ons
bI ont
bI osn
bI oss
bI ost
bI otn
bI ots
bI ott
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
  (75) 
καταλήγει στην, 
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 ω t ⋅
b I ont +m ⋅rcm,t ⋅ lcop,n
b I ost +m ⋅rcm,t ⋅ lcop,s
b I ott −m ⋅ rcm,s ⋅ lcop,s+ rcm,n ⋅ lcop,n( )
⎛
⎝
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
= 0  (76) 
όπου rcm, i=n,s,t( )  και lcop, i=n,s,t( )  αναφέρονται στην ith συνιστώσα του αντίστοιχου διανύσµατος στο 
ΣΣ b :{nst} . Η (65) για να ισχύει, θα πρέπει το διάνυσµα στήλη στην (76) να ισούται µε µηδέν. Η 
περίπτωση όπου ω t = 0  είναι τετριµµένη (δεν συµβαίνει καµία κρούση ή το σώµα είναι σταθερό). 
Άρα, η (76) ισχύει αν όλες οι ακόλουθες συνθήκες ισχύουν: 
i) tˆ  είναι κύριος άξονας αδράνειας του σώµατος. Τότε,  
 bI ont = bI ost = 0  (77) 
ii) Υπάρχει συµµετρία στην κατανοµή της µάζας σε σχέση µε το επίπεδο {ns} , δηλαδή,  
 rcm,t = 0  (78) 
iii) Χρησιµοποιώντας την τελευταία γραµµή της (76) και την (78), η κρούση συµβαίνει στο σηµείο 
που ισχύει  
  
brcm ⋅
b lcop =
bI ott ⋅m
−1  (79) 
Βλέποντας τις (56), (57) και (78) ισχύουν τα ακόλουθα 
 brcm ⋅ brcm = rcm,s2 + rcm,n2   (80) 
 b I ott = b I ctt +m ⋅ rcm,s2 + rcm,n2( )   (81) 
έτσι η (79) γίνεται 
  
bI ctt ⋅m
−1 = brcm ⋅
brcop  (82) 
Η (82) απαιτεί ότι το ΣΚ, το ΚΜ και το ΚΠ πρέπει να είναι συνευθειακά. Στην περίπτωση του 
επιπέδου, το tˆ  αντικαθίσταται µε το zˆ , και η (82) είναι ίδια µε την (52). Υπενθυµίζεται ότι η (63) 
πρέπει να ισχύει επίσης. Αντίθετα, αν µόνο οι (63) και (82) ισχύουν, οι δυνάµεις αντίδρασης 
µπορούν να µειωθούν και πάλι αλλά όχι να εξαφανιστούν (σηµειώστε ότι στην περίπτωση αυτή η 
(82) ισχύει για την προβολή του ΚΜ στο επίπεδο {ns} ). Από την ανάλυση της τρισδιάστατης 
περίπτωσης, µπορεί κανείς να βγάλει το συµπέρασµα ότι για να µηδενιστούν οι αντιδράσεις στις 
εδράσεις των αρθρώσεων της σφαιρικής άρθρωσης, η κρούση πρέπει να γίνει σε ορισµένα 
επίπεδα, καθιστώντας το πρόβληµα ουσιαστικά επίπεδο. Για αυτό τον λόγο στην συνέχεια η 
κρούση θεωρείται ότι συµβαίνει σε δεδοµένο επίπεδο όπου υπό συνθήκες, οι αντιδράσεις µπορούν 
να µηδενισθούν. 
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4.5 Ευαισθησία σε Παραµετρικές Αβεβαιότητες 
4.5.1 Εισαγωγή 
Όπως έχει ήδη περιγραφεί στην Ενότητα 4.2, η ελαχιστοποίηση της αντίδρασης είναι δυνατή είτε 
στην περίπτωση του επιπέδου είτε στην τρισδιάστατη περίπτωση, σε συγκεκριµένα επίπεδα. Για το 
λόγο αυτό, η παρούσα ανάλυση θα επικεντρωθεί στην επίπεδη περίπτωση και οι αναγκαίες 
προσαρµογές για την τρισδιάστατη περίπτωση θα παρουσιαστούν αργότερα.  
Είναι ενδιαφέρον να εξετάσουµε τις µεταβολές του CID  ή την γωνία φ  χρησιµοποιώντας 
την αδιάστατη περίπτωση της (47). Η Εικόνα 4-4a δείχνει την 
 
∂ !ΩN( ) ∂φ  σαν συνάρτηση της φ . 
Φαίνεται ότι η µέγιστη ευαισθησία υφίσταται όταν CID = 1 . Αντίστοιχα η Εικόνα 4-4b δείχνει την 
 
∂ !ΩN( ) ∂CID  σαν συνάρτηση του CID . Παρατηρείται ότι η µέγιστη ευαισθησία συµβαίνει όταν 
φ = 90o . Αυτή η προκαταρκτική ανάλυση ευαισθησίας δείχνει ότι οι αποκλίσεις από την κανονική 
γωνία κρούσης δίνουν υψηλότερο ποσοστό µεταβολής των δυνάµεων αντιδράσεως από τις 
αποκλίσεις από το σηµείο πρόσκρουσης του ΚΚ. Ως εκ τούτου, ένα σύστηµα το οποίο είναι υπό 
κρούση πρέπει να προσπαθήσει να επιτύχει, πριν από την πρόσκρουση, είτε µια διαµόρφωση η 
οποία επιτρέπει να ολοκληρώσει τις απαιτήσεις του σηµείου κρούσης όπως στο (51) είτε, αν αυτό 
δεν είναι εφικτό, θα πρέπει να προσπαθήσει να κρατήσει τη γωνία της κρούσης όσο πιο κοντά στο 
φ = 90o . Ωστόσο, είναι ενδιαφέρον να εξεταστεί περαιτέρω το πώς αποκλίσεις των παραµέτρων 
του συστήµατος ή των κρούσεων επηρεάζουν τις δυνάµεις αντίδρασης. 
4.5.2 Αδιάστατη Ανάλυση Αβεβαιοτήτων 
Για την περαιτέρω ανάλυση των επιδράσεων της απόκλισης του ΣΚ από το ΚΚ, ορίζεται το  !r  ως 
η αδιάστατη απόκλιση από το ΚΚ, βλέπε Εικόνα 4-2 
 
 
!r = rrcop
  (83) 
όπου r  είναι η απόσταση από το σηµείο πρόσκρουσης από το ΚΚ. Επιπλέον, η έννοια της 
«Κρουστικής Διαµόρφωσης (ΚΔ)» ορίζεται ως «το σύνολο των παραµέτρων του συστήµατος και των 
κρούσεων, πριν από την κρούση, που είναι αναγκαίες για να περιγράψουν την συµπεριφορά των 
κρούσεων». Στο πλαίσιο αυτό, οι παράµετροι του συστήµατος περιλαµβάνουν τις παραµέτρους 
του σώµατος µέσω του CID , και οι παράµετροι των επιπτώσεων περιλαµβάνουν την απόσταση της 
κρούσης  !r  και την γωνία κρούσης φ . 
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(a) (b) 
Εικόνα 4-4. Ρυθµός µεταβολής της αδιάστατης ώθησης για: (α) Μεταβολές της γωνίας κρούσης και (β) για 
µεταβολές του ΣΚΚ. 
Έστω τώρα ότι είναι γνωστή η µέγιστη αδιάστατη ώθηση που είναι αποδεκτή,  !ΩN . Μπορεί 
κανείς να διακρίνει δυο ακραίες περιπτώσεις: 
a) Η ελάχιστη γωνία κρούσης, φmin , εάν και µόνο εάν η κρούση συµβαίνει στο ΚΚ. Ειδικότερα, για 
την κρούση στο ΚΚ ( CID = 1), µε γνωστό το  
!ΩN , µπορεί κάνεις να βρει από τη (47): 
 
 
!ΩN( )2 = 1− sin2φmin ⇒φmin = sin−1 1− !ΩN( )2( )1 2⎛⎝⎜ ⎞⎠⎟   (84) 
b) Η µέγιστη απόκλιση του ΣΚ από το ΚΚ, όπως ορίζεται αδιάστατα από το CIDmax , εάν και µόνο 
εάν η κρούση γίνει κάθετα στον διαµήκη άξονα του σώµατος. Για µια κάθετη κρούση (φ = 90o ) 
µε δεδοµένη την  !ΩN , µπορεί κανείς να βρει από την (47): 
  CIDmax
± = 1± !ΩN   (85) 
Ως εκ τούτου, το επόµενο ερώτηµα που πρέπει να απαντηθεί είναι για ένα δεδοµένο  !ΩN  
ποια είναι η ΚΔ που είναι επιτρεπτή. Να σηµειωθεί ότι η γωνία κρούσης δεν µπορεί να µηδενισθεί, 
διότι τότε η κρούση θα είναι συγγραµµική µε τον διαµήκη άξονα και έτσι καµία µέθοδος µείωσης 
της αντίδρασης δεν είναι δυνατή. Επίσης οι τιµές CIDmax+ > 2  ή CIDmax− < 0  δεν παρουσιάζουν 
κανένα ενδιαφέρον, γιατί στην προκειµένη περίπτωση η αντίδραση γίνεται µεγαλύτερη από την 
δύναµη κρούσης, βλέπε επίσης (47). Στην περίπτωση αυτή η ράβδος γίνεται ένα υποµόχλιο. 
Χρησιµοποιώντας την (47) µπορεί κανείς να βρει την συσχέτιση του CID  µε την αδιάστατη 
ώθηση και την γωνία κρούσης, 
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!ΩN( )2 = 1+ CID2 − 2 ⋅CID( ) ⋅sin2φ⎡⎣ ⎤⎦ ⇒
φ≠k⋅π ,k∍"( )
⇒ CID
2 − 2 ⋅CID − !ΩN( )2 −1( ) ⋅ sin2φ( )−1 = 0⇒
⇒ CID = 1± 1− !ΩN( )2 −1( ) ⋅ sin2φ( )−1
  (86) 
Η (86) φαίνεται γραφικά για δεδοµένη  !ΩN  στην Εικόνα 4-5. Κάθε κρουστική διαµόρφωση µέσα 
στην διαγραµµισµένη περιοχή δηµιουργεί αδιάστατη ώθηση ίση ή µικρότερη της  !ΩN . Για αυτόν 
τον λόγο, και µε δεδοµένες τις αβεβαιότητες στα χαρακτηριστικά του σώµατος – δηλαδή του CID , 
και τις αβεβαιότητες στην εκτίµηση της γωνίας κρούσης – δηλαδή της φ , µπορεί κανείς να 
εκτιµήσει πόσο κοντά είναι µια κρουστική διαµόρφωση στα όρια της διαγραµµισµένης περιοχής, 
όπου η αδιάστατη ώθηση είναι ίση µε  !ΩN . Με αυτόν τον τρόπο µια κρουστική διαµόρφωση 
(συµπεριλαµβανοµένων των σφαλµάτων) που είναι κοντύτερα στα όρια που φαίνονται στην 
Εικόνα 4-5, είναι µια ακραία περίπτωση κρούσης για το δεδοµένο σύστηµα. 
Ένας άλλος τρόπος για να εξεταστεί η σχέση µεταξύ των CID , φ  και  !ΩN  είναι µε την 
χρήση της Εικόνα 4-6, όπου έχουν σχεδιαστεί οι γραµµές σταθερής γωνίας κρούσης. Οι περιοχές 
έξω από την φ = 90o  δεν µπορούν να επιτευχθούν. 
 
Εικόνα 4-5. Διάγραµµα δυνατών κρούσεων για ορισµένη  !ΩN . 
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Εικόνα 4-6. Διάγραµµα δυνατών κρούσεων και παράδειγµα. 
4.5.3 Εκτίµηση κατά την Σχεδίαση 
Η Εικόνα 4-6 µπορεί επίσης να χρησιµοποιηθεί για την επιλογή των παραµέτρων του σώµατος 
κατά τη διάρκεια των φάσεων του σχεδιασµού ενός συστήµατος ή για την εκτέλεση υπό γνωστές 
επιπτώσεις για ένα γνωστό σώµα, αν είναι γνωστές οι προδιαγραφές λειτουργίας. Πιο 
συγκεκριµένα, η (48) µπορεί να γραφτεί µε την (88) και την (83) ως 
 
 
CID =
l ⋅ m ⋅rcm
I o
= 1+CMD ⋅ !r   (87) 
όπου ο CMD  είναι ο Συντελεστής Κατανοµής Μάζας (ΣΚΜ) ορισµένος σαν τον λόγο µεταξύ της 
πολικής αδράνειας ως προς το ΚΜ, I c , µε την πολική αδράνεια ως προς το ΣΠ, I o . Είναι ένα 
µέγεθος που δίνει την “συµµετρία” της κατανοµής της µάζας µεταξύ ΚΜ και ΣΠ. Ισχύει ότι 
 CMD = I
c
I o =
I c
I c +m ⋅rcm2( )⇒ 0 ≤ CMD ≤1   (88) 
Ως παράδειγµα της χρήσης της Εικόνα 4-6, ας υποθέσουµε ότι ο σχεδιαστής ελέγχου ορίζει 
τις ακόλουθες προδιαγραφές για την ονοµαστική λειτουργία ενός βραχίονα κατά τη διάρκεια των 
κρούσεων φ = 70o  και  !ΩN = 0.4 . Μπορεί κανείς να βρει ότι για δεδοµένα φ  και  !ΩN  αυτό 
αντιστοιχεί στο σηµείο B (και C) και άρα από το γράφηµα στον  CID = 0.68  (και  CID = 1.32 ). 
Γνωρίζοντας τις παραµέτρους του συστήµατος, κι άρα τον  CMD , µπορεί να βρεθεί η µέγιστη 
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απόκλιση του ΣΚ – και τελικά το αποδεκτό επίπεδο αβεβαιότητας κατά την κρούση. Μπορεί 
κανείς να διακρίνει τις ακόλουθες περιοχές στην Εικόνα 4-6:  
(i) BHCEFGB είναι η περιοχή όπου η κρούση είναι µέσα στις προδιαγραφές,  
(ii) BCHB είναι η περιοχή όπου η  !ΩN  ικανοποιεί την απαίτηση της µέγιστης 
αδιάστατης ώθησης, και την ίδια στιγµή οι προδιαγραφές της γωνίας κρούσης χαλαρώνουν, υπό 
την προϋπόθεση ωστόσο, ότι το ΣΚ είναι πιο κοντά στο ΚΚ, και τέλος 
(iii) ABGA και CDEC είναι οι περιοχές της  !ΩN  που καλύπτουν την απαίτηση της 
µέγιστης αδιάστατης ώθησης, αλλά η γωνία πρόσκρουσης πρέπει να είναι µεγαλύτερη από την 
ελάχιστη απαίτηση. Ως εκ τούτου, στην περίπτωση αυτή ένας ελεγκτής υλοποιείται για τον έλεγχο 
της διαµόρφωσης πριν την κρούση, και χρησιµοποιώντας την προαναφερθείσα µέθοδο είναι 
δυνατόν να αξιολογηθούν οι επιδόσεις και τα όρια εφαρµογής του ελεγκτή. Όσο πιο αυστηρές 
είναι οι απαιτήσεις σε σχέση µε την αποδεκτή ώθηση, τόσο πιο ακριβής πρέπει να είναι ο 
ελεγκτής. 
4.5.4 Επέκταση στην Τρισδιάστατη  
Η εστίαση τώρα είναι στο κάθετο επίπεδο ως προς τον στο στιγµιαίο άξονα περιστροφής tˆ  
σύµφωνα µε το ΣΣ b : nst{ } , Εικόνα 4-3. Έτσι ο CID,t  είναι ο Συντελεστής Έλεγχου Κρούσης ως 
προς το tˆ , που σχετίζει τα φυσικά χαρακτηριστικά του σώµατος µε το ΣΚ  
 CID,t =
b l ⋅ brcm ⋅m
bItto
  (89) 
όπου b l  είναι το διάνυσµα που ενώνει το ΣΠ µε τον ΑΠ, brcm  είναι το διάνυσµα που ενώνει το 
ΚΜ και τον ΑΠ, m  είναι η µάζα του σώµατος και bItto  είναι η πολική ροπή αδράνειας ως προς το 
tˆ . Επιπλέον, ο Συντελεστής Κατανοµής Μάζας ως προς το tˆ  είναι 
 CMD,t =
b Ittc
b Itto
  (90) 
δηλαδή η αναλογία τη πολικής ροπής αδράνειας ως προς το ΚΜ γύρω από το tˆ , bIttc , και η 
πολική ροπή αδράνειας ως προς τον ΑΠ γύρω από το tˆ , bItto . Τελικά η απόκλιση το ΣΚ από το 
ΚΜ  !rt  είναι η αδιάστατη απόκλιση από το ΚΚ 
 
 
!rt = sgn br ⋅ brcm( ) ⋅
br ⋅ brcm
brcop ⋅ brcm
  (91) 
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όπου το br  είναι το διάνυσµα που συνδέει το ΣΚ µε το ΚΚ. Με την εφαρµογή των παραπάνω 
ορισµών, το υπόλοιπο της ανάλυσης είναι έγκυρο για την τρισδιάστατη περίπτωση. 
4.6 ΚΚ σε Ροµποτικούς Βραχίονες και Αντιστάθµιση Κρούσης 
4.6.1 Δυναµικές Εξισώσεις  
Για να µελετηθεί η εφαρµογή της έννοιας του ΚΚ στα ροµποτικά συστήµατα, είναι χρήσιµο να 
µελετηθεί το ΚΚ για σύστηµα στερεών σωµάτων. Αυτό µπορεί να επιτευχθεί µε χρήση του 
αλγορίθµου Newton - Euler (ΝΕΑ), Error! Reference source not found.. Θεωρούνται δύο 
διαδοχικοί σύνδεσµοι, Εικόνα 4-7. 
 
Εικόνα 4-7. Διάγραµµα Ελευθέρου Σώµατος δύο διαδοχικών συνδέσµων βραχίονα. 
Ας σηµειωθεί ότι η εξωτερική κρουστική δύναµη 
 
fimp,i  ασκείται στο ΣΚ, το οποίο βρίσκεται στο 
 
run,i  από το ΚΜ και ότι το  
−rdist ,i  δίνει την απόσταση από την επόµενη άρθρωση i +1{ } . Επίσης 
ας σηµειωθεί ότι το ircop,i  είναι το διάνυσµα από το ΚΜ στο ΚΚ και το iri  είναι το διάνυσµα από 
το ΚΚ στο ΣΚ. Τα υπόλοιπα διανύσµατα φαίνονται στην Εικόνα 4-7. Σε αυτή την εργασία τα 
διανύσµατα θα χρησιµοποιηθούν στην µορφή  
 
 
i !vC ,i =
d
dt
iω i ×
i rC ,i +
i v i( )  (92) 
 
 
i Fi = mi ⋅
i !vC ,i  (93) 
 
 
i Mi =
d
dt
C ,i I i ⋅
iω i( )  (94) 
  
i fi =
i R i+1 ⋅
i+1fi+1 −
i fimp,i +
i Fi  (95) 
fi
f imp,i
F
i
Ni
n
i
{i}
{i+1}
f i+1
ni+1
rdist,i
run,i
rimp,i
rc,i
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i ni =
i Mi +
i R i+1 ⋅
i+1ni+1 +
i rC ,i ×
i Fi +
i ri+1 ×
i R i+1 ⋅
i+1fi+1 −
i rimp,i ×
i fimp,i  (96) 
Επίσης 
  
i rimp,i =
i rC ,i +
i run,i  (97) 
  
i ri+1 =
i rC ,i +
i run,i +
i rdist ,i  (98) 
 i run,i = i rcop,i + i ri   (99) 
Οι (92) - (96) ολοκληρώνονται για πολύ µικρό χρονικό διάστηµα και έτσι, 
 
 
C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ − i PC,i × iΩF,i
− i PC ,i +
i Pun,i +
i Pdist ,i( )× i+1i R ⋅ i+1Ωf ,i+1 + i PC ,i + i Pun,i( )× iΩf,ex,i
= i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × iΩf,ex,i − iΩF,i − i+1i R ⋅ i+1Ωf ,i+1( ) +
+ i Pun,i ×
iΩf,ex,i − i+1
i R ⋅ i+1Ωf ,i+1( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) + i Pun,i × iΩF,i − iΩf ,i( )−
− i Pdist ,i × i+1
i R ⋅ i+1Ωf ,i+1
 (100) 
και 
 
 
C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) +
i Pun,i × mi ⋅
i uC,i −
iΩf ,i( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1 ⇒
⇒ C,i Ii ⋅
iω i =
i ni − i+1
i R ⋅ i+1 ni+1 +
i nex,i( )∫ + i PC,i × − iΩf ,i( ) +
+ i Pun,i × mi ⋅
iω i ×
i PC ,i +
i ui( )− iΩf ,i( )− i Pdist ,i × i+1i R ⋅ i+1Ωf ,i+1
  (101) 
Ύστερα από αλγεβρικές πράξεις από την (101) µε την χρήση των (92) - (95) και των (97) - (99) 
και ολοκλήρωση της (101) προκύπτει, 
 
 
irC ,i +
irun,i( )× iΩf ,i =
= ircop,i +
iri( )× mi ⋅ iω i × irC ,i( )− C ,iI i ⋅ iω i⎡⎣ ⎤⎦
A
! "######## $########
− irdist ,i ×
i R i+1 ⋅
i+1Ωf ,i+1⎡⎣ ⎤⎦
B
! "#### $####
+
+ irun,i × mi ⋅
i v i( )⎡⎣ ⎤⎦
C
! "## $###
+ i ni −
i R i+1 ⋅
i+1ni+1( )∫⎡⎣ ⎤⎦
D
! "#### $####
 (102) 
όπου iΩ f ,i  είναι η ώθηση της δύναµης στην άρθρωση i{ } . 
Για να ισχύει iΩ f ,i = 0 , η δεξιά πλευρά της (102) πρέπει να είναι µηδέν. Στην περίπτωση 
κατά την οποία οι περιστροφικές αρθρώσεις είναι ελεύθερες (επίσης υποτίθεται µηδενική τριβή), 
D = 0 . Εξ αιτίας της υπόθεσης της ψευδοστατικότητας, C = 0 . Για ένα ροµπότ µε Ν συνδέσµους 
είναι δυνατές δύο περιπτώσεις : 
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i) Η άρθρωση είναι στον τελευταίο σύνδεσµο του ροµπότ i = N( )  - τότε B = 0 . 
Χρησιµοποιώντας τις (57) και (74) προκύπτει 
 C ,i Ii ⋅ iω i = i rcop,i ×mi ⋅ iω i × i rC ,i( )   (103) 
άρα, για να ισχύει η (102) πρέπει 
 
 
iri × mi ⋅
iω i ×
irC ,i( ) = 0   (104) 
ή µε άλλα λόγια, το  
iri  πρέπει να είναι µηδέν και η κρούση εµφανίζεται στην ΚΚ. 
ii) Στην γενική περίπτωση όπου i ≠ N( ) , πρέπει να ισχύει, 
 
 
ircop,i +
iri( )× mi ⋅ iω i × irC ,i( )− C ,iI i ⋅ iω i⎡⎣ ⎤⎦
A
! "######## $########
− irdist ,i ×
i R i+1 ⋅
i+1Ωf ,i+1⎡⎣ ⎤⎦
B
! "#### $####
= 0   (105) 
Σε αυτή την περίπτωση πρέπει A − B = 0 . Αυτό σηµαίνει ότι στην περίπτωση που η αντίδραση 
από την άρθρωση i +1{ }  και µια δύναµη  fimp,i  ασκούνται στην άρθρωση i{ } , είναι πιθανόν να 
µηδενίσουν τις αντιδράσεις της άρθρωσης i{ }  όταν A = B . Ωστόσο, µια πιο κοινή και εποµένως 
ενδιαφέρουσα περίπτωση είναι αυτή κατά την οποία η δύναµη κρούσης είναι µόνο στο τελικό 
σηµείο δράσης (σύνδεσµος Ν), και οι προηγούµενες περιστροφικές αρθρώσεις i < N{ }  πρέπει να 
αντιµετωπίσουν τις δυνάµεις της αντίδρασης που διαδίδονται από τις διαδοχικές αρθρώσεις τους 
i +1{ } . Σε αυτή την περίπτωση είναι εύκολο να δει κανείς ότι η άρθρωση i +1{ }  είναι στο ΚΚ 
του συνδέσµου i{ }  όταν ισχύει irdist ,i = iri = 0  κι άρα A = B = 0 . 
Η παραπάνω ανάλυση καταλήγει στο συµπέρασµα ότι, προκειµένου να ελαχιστοποιηθούν οι 
δυνάµεις αντίδρασης, το καλύτερο είναι να τοποθετηθούν οι αρθρώσεις περιστροφής στο ΚΚ του 
προηγούµενου συνδέσµου, ενώ η κρούση θα πρέπει να γίνει στο ΚΚ του τελευταίου συνδέσµου  
Συνοψίζοντας την προηγούµενη ανάλυση και θέτοντας D ≠ 0 , η (102) µπορεί να 
µηδενισθεί αν ισχύει 
 
 
iri × mi ⋅
iω i ×
irC ,i( ) + i ni − i R i+1 ⋅ i+1ni+1( )∫ = 0   (106) 
όπου το iri  είναι η απόσταση από την άρθρωση i +1{ }  (ή το ΣΚ για την τελευταία σύνδεση, 
συνήθως αυτό είναι το σηµείο του τελικού σηµείου δράσης) από το ΚΚ στο σύνδεσµο i{ } . Στην 
περίπτωση που το i{ }  υπόκειται σε διάφορες κρούσεις, όπως η αντίδραση του i +1{ } , η (106) 
είναι έγκυρη χρησιµοποιώντας το διανυσµατικό άθροισµα όλων των δυνάµεων κρούσης σε 
απόσταση iri  και µία αντίστοιχη εξωτερική ώθηση που θα προστεθούν στο ολοκλήρωµα. 
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4.6.2 Αντιστάθµιση Κρούσης µε Χρήση ΚΚ (IC2) 
Στην περίπτωση που οι περιστροφικές αρθρώσεις δεν είναι ελεύθερες, η (106) µπορεί να 
χρησιµοποιηθεί για να εξεταστεί εάν οι δυνάµεις αντίδρασης µπορούν να µειωθούν µε την 
ενεργοποίηση του κινητήρα. Κατ’ αρχή εξετάζεται η περίπτωση κατά την οποία οι αρθρώσεις 
είναι χωρίς τριβές. Ο ini  αντικαθίσταται µε τον incop,i  για σαφήνεια, κι έτσι από την (106) ισχύει, 
 
 
i ncop,i = −∫
iri × mi ⋅
iω i ×
irC ,i( ) + i R i+1 ⋅ i+1ni+1( )∫   (107) 
Παραγωγίζοντας την (107) (να σηµειωθεί ότι για αυτό το µικρό κλάσµα του χρόνου µόνο η 
γωνιακή ταχύτητα και η ώθηση επηρεάζονται) προκύπτει, 
 
 
i ncop,i = −
iri × mi ⋅
i !ω i ×
irC ,i( ) + i R i+1 ⋅ i+1ni+1   (108) 
όπου επαναλαµβάνεται για σαφήνεια ότι το iri  είναι η απόσταση από την άρθρωση i +1{ }  ή του 
ΣΚ από το ΚΚ του συνδέσµου i{ } . Να σηµειωθεί ότι αν i = N , άρα το i{ }  είναι ο τελευταίος 
σύνδεσµος του ροµποτικού βραχίονα, η (108) απλοποιείται σε, 
 
 
i ncop,i = −
iri × mi ⋅
i !ω i ×
irC ,i( )   (109) 
όπου αν i ≠ N  αλλά η άρθρωση i +1{ }  είναι στο ΚΚ του συνδέσµου i{ } , τότε 
 
 
i ncop,i =
i R i+1 ⋅
i+1ni+1   (110) 
Οι (108) - (110) παρέχουν την απαραίτητη ροπή του κινητήρα, προκειµένου να αντισταθµίσει την 
κρούση που συµβαίνει σε ένα σηµείο διαφορετικό από το ΚΚ στον τελευταίο σύνδεσµο και να 
αντισταθµίσει την ανάπτυξη των δυνάµεων αντίδρασης από τις διαδοχικές αρθρώσεις. 
Σηµειώνεται ότι στην περίπτωση του διαστηµικού ροµπότ, ίση ροπή προς τη ροπή που 
εφαρµόζεται στην επόµενη άρθρωση πρέπει να εφαρµόζεται από τους ενεργοποιητές της βάσης, 
διαφορετικά λόγω της δυναµικής σύζευξης και την κίνηση της βάσης, θα αναπτυχθούν δυνάµεις 
αντίδρασης στην άρθρωση 1{ }  οι οποιες διαδίδονται. Αυτός ο ελεγκτής πρέπει να εφαρµόζεται σε 
όλες τις αρθρώσεις περιστροφής συµπεριλαµβανοµένης της βάσης. Φυσικά οι (108) - (110) δεν 
µπορούν να παράσχουν οποιαδήποτε αντιστάθµιση για το σκέλος της δύναµης, της οποίας η 
γραµµή δράσης περνά µέσα από το ΣΠ. 
Επιπλέον, είναι σηµαντικό να εξεταστεί σε σχέση µε το σκοπό για (108) - (110) είναι 
αποτελεσµατική, και όσον αφορά το γεγονός ότι η επίδραση είναι µια διαδικασία µε γρήγορη 
δυναµική, είναι αναγκαίο να αντισταθµιστεί από κοινού τριβής. Διαφορετικά, η ροπή αποζηµίωση 
µε βάση το σηµείο συντονισµού δεν θα προσθέσει ή να αφαιρούµε την απαραίτητη ποσότητα 
στιγµή, γιατί η τριβή θα δηµιουργήσει ένα ανεπιθύµητο στιγµή που αντιτίθενται στην κίνηση που 
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προκαλείται από τον κινητήρα . Πολλά µοντέλα τριβή προταθεί στην βιβλιογραφία, όπως Error! 
Reference source not found. και Error! Reference source not found.. Για το σκοπό αυτό, ο 
κινητήρας πρέπει να εφαρµόσει µια ροπή που αντισταθµίζει την τριβή σε κάθε άρθρωση, Error! 
Reference source not found.. Πιο συγκεκριµένα, ο κινητήρας της κάθε άρθρωσης πρέπει να 
παρέχει µια ροπή  
i ni  όπου γενικά είναι της µορφής, 
 
 
i ni =
i ncop,i +
i n fr ,i   (111) 
όπου η incop,i  είναι η ροπή ελέγχου που υπολογίζεται από τις (108) - (110) και η in fr ,i  είναι η 
αντιστάθµιση λόγω της τριβής των αρθρώσεων. 
Για την υλοποίηση του IC2 ελεγκτή, προτείνεται το παρακάτω διάγραµµα. Έστω ένα 
διαστηµικό ροµπότ µε εξίσωση κίνησης 
  τ = M ⋅ !!q+ V(q, !q)+ J
T ⋅F   (112) 
όπου το  q  είναι το διάνυσµα των µεταβλητών των αρθρώσεων, τ  είναι το διάνυσµα που δίνει 
όλες τις δυνάµεις και ροπές των επενεργητών,  M  είναι ο πίνακας αδράνειας,  V(q, !q)  είναι το 
διάνυσµα των µη γραµµικών όρων ταχύτητας και το  J
T ⋅F  αντιστοιχεί στις επιδράσεις των 
εξωτερικών δυνάµεων κρούσης  F  σε κάθε άρθρωση. 
Ο προτεινόµενος ελεγκτής δρα κατά τη διάρκεια της κρούσης, ενώ µετά το µηδενισµό της 
εξωτερικής δύναµης κρούσης (και ως εκ τούτου της κρουστικής αντίδρασης στις αρθρώσεις), το 
σύστηµα ελέγχου µεταβαίνει στον κανονικό ελεγκτή του συστήµατος (π.χ. ελεγκτής βάσει 
µοντέλου ο οποίος προσπαθεί να µετακινήσει το τελικό σηµείο δράσης σε µια συγκεκριµένη 
θέση), Εικόνα 4-8. 
Έτσι, η προτεινόµενη διαδικασία χωρίζεται σε δύο µέρη. Στην αρχή η κίνηση του ροµπότ 
ελέγχεται π.χ. µε ελεγκτή που βασίζεται στο µοντέλο, όπου η επιτάχυνση  !!q
*  υπολογίζεται ίση µε, 
 
 
!!q* = !!qd +K d ⋅ !qd − !q( ) +K p ⋅ qd − q( )   (113) 
όπου τα  qd , !qd , !!qd  είναι η επιθυµητή θέση, η ταχύτητα και η επιτάχυνση όλων των βαθµών 
ελευθερίας σε διανυσµατική µορφή και Kd ,K p  είναι οι µήτρες κέρδους για τα τους P και D 
ελεγκτές. Ως εκ τούτου, οι απαραίτητες ροπές δίνεται από το 
  τ = Mˆ ⋅ !!q
* + Vˆ(q, !q)   (114) 
όπου Mˆ,Vˆ  είναι οι πίνακες µε τις εκτιµήσεις της αδράνειας και των µη γραµµικών όρων 
ταχύτητας. Η ακριβής διαδικασία του µοντέλου που βασίζεται στον έλεγχο είναι έξω από το πεδίο 
ενδιαφέροντος του παρόντος έργου, ο ενδιαφερόµενος αναγνώστης µπορεί να συµβουλευτεί την 
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βιβλιογραφία, Error! Reference source not found.. Όποτε συµβαίνει κρούση, οι ροπές των 
κινητήρων υποκαθίσταται από την (111) που µε την σειρά του υπολογίζεται από τις (108) - (110). 
 
Εικόνα 4-8. Διάγραµµα ροής του προτεινόµενου ελεγκτή. 
Μετά από κάθε κρούση, τα συστήµατα υπό κρούση τείνουν να αποµακρυνθούν. Στη 
συνέχεια, ο κυνηγός θα φτάσει ξανά τον στόχο (λόγω της αδράνειας των µαζών και της αρχική 
σχετική ταχύτητα τους) χρησιµοποιώντας την (114) και τότε µια θα συµβεί µια νέα κρούση. Αυτό 
µπορεί να επαναληφθεί αρκετές φορές, Error! Reference source not found., µέχρις ότου οι 
επιπτώσεις είναι κάτω από το όριο όπου ένα άλλο σύστηµα ελέγχου (π.χ. Έλεγχος Εµπέδησης) 
µπορεί να χρησιµοποιηθεί αποτελεσµατικά. Ο προτεινόµενος ελεγκτής µπορεί να χρησιµοποιηθεί 
προκειµένου να µειωθούν τα αρνητικά αποτελέσµατα των κρούσεων, δηλαδή: (i) να µειωθούν οι 
δυνάµεις αντίδρασης στις αρθρώσεις και (ii) να µειώσει την τάση αποµάκρυνσης Κυνηγού και 
Στόχου. 
Δεδοµένου ότι η κρούση είναι µια διαδικασία µε γρήγορη δυναµική  είναι απαραίτητο να 
έχουµε κινητήρες υψηλής απόδοσης προκειµένου να εκτελούν γρήγορα τον έλεγχο ροπής. Είναι 
µεγάλης σηµασίας οι υπολογισµοί ελέγχου να είναι λίγοι και να εκτελούνται το γρηγορότερο 
δυνατό - δεν έχει καµία σηµασία για την ανάπτυξη ενός αλγορίθµου ελέγχου ο οποίος θα 
απαιτούσε σηµαντικό χρόνο για τους υπολογισµούς, συγκρίσιµο µε τη διάρκεια της πρόσκρουσης. 
Η προτεινόµενη µέθοδος απαιτεί λίγους και γρήγορους υπολογισµούς, έτσι δεν είναι υπολογιστικά 
δύσκολο να εφαρµοστεί. Από τη σχεδίαση, τιµές όπως µήκη, µάζες αδράνειας και άλλα είναι 
γνωστά προκειµένου οι (108) - (110) να υλοποιηθούν, ενώ χρειάζεται ένας encoder σε κάθε 
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άρθρωση και έναν αισθητήρα δύναµης στην τελευταία σύνδεση Ν (για την ανίχνευση των 
κρούσεων). 
Μια τελευταία λέξη σχετικά µε τη γνώση του ΣΚ θεωρείται απαραίτητη. Στις (108) και 
(109), απαιτείται το iri  (η απόσταση της άρθρωσης i +1{ }  ή του ΣΚ από το ΚΚ του συνδέσµου 
i{ } ). Στην πράξη, µπορεί κανείς να διακρίνει δύο περιπτώσεις: (α) το ΣΚ είναι γνωστό εκ των 
προτέρων και (β) το ΣΚ είναι άγνωστο. Στην πρώτη περίπτωση που το ΣΚ είναι ήδη γνωστό από 
τον σχεδιασµό οι εξισώσεις µπορούν να χρησιµοποιηθούν ως έχουν και οι ενδεχόµενες αποκλίσεις 
οφείλονται στις ανακρίβειες που µπορούν να υπολογιστούν. Στη δεύτερη περίπτωση απαιτείται 
ένα σύστηµα το οποίο θα ανιχνεύει γρήγορα το ΣΚ για να τροφοδοτήσει την τιµή του στις 
εξισώσεις. Πολλοί ερευνητές εργάζονται στον τοµέα και ορισµένες αξιοσηµείωτες εργασίες 
µπορούν να βρεθούν στη βιβλιογραφία, Error! Reference source not found., Error! Reference 
source not found. και Error! Reference source not found.. Φυσικά αυτές οι µέθοδοι, παρόλο 
που είναι γρήγορες και µπορεί να χρησιµοποιηθούν σε πραγµατικό χρόνο, προσθέτουν µια µικρή 
καθυστέρηση στους υπολογισµούς, ωστόσο αυτό είναι έξω από το πεδίο ενδιαφέροντος της 
παρούσας εργασίας. 
4.7 Οδηγίες Εφαρµογής του ΚΚ 
Οι αρθρώσεις που χρησιµοποιούνται σε διαστηµικές ροµποτικές εφαρµογές είναι συνήθως 
περιστροφικές, ως εκ τούτου εδώ η έµφαση δίνεται σε τέτοιες αρθρώσεις. Παρουσιάζεται µια 
σειρά από κατευθυντήριες γραµµές για την αξιοποίηση του ΚΚ µε τη χρήση περιστροφικών 
αρθρώσεων. Εξετάζεται καταρχήν η περίπτωση των ελεύθερων αρθρώσεων ή των αρθρώσεων που 
µπορούν να απεµπλακούν, καθιστώντας τις ουσιαστικά ελεύθερες.  
i. Η κρούση θα πρέπει να γίνεται όσο πιο κοντά στο ΚΚ είναι εφικτό και κάθετα ως προς 
τον διαµήκη άξονα. Το ροµποτικό σύστηµα θα πρέπει να προετοιµάζεται σχετικά. 
ii. Οι διαµήκεις άξονες των συνδέσµων θα πρέπει να είναι κάθετοι µεταξύ τους και ενωµένοι 
στο ΚΚ τους. 
iii. Για την βέλτιστη µείωση των αντιδράσεων, 2 περιστροφικές αρθρώσεις σε επίπεδο 
σύστηµα και 3 περιστροφικές αρθρώσεις στον χώρο είναι απαραίτητες. 
iv. Στην περίπτωση ύπαρξης αβεβαιοτήτων, η διαµόρφωση µε κάθετους συνδέσµους και 
κάθετη κρούση δίνει τα καλύτερα αποτελέσµατα. 
Στην συνέχεια εξετάζεται η περίπτωση όπου οι αρθρώσεις είναι σε σύµπλεξη. Ισχύουν τα 
ακόλουθα: 
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v. Στην περίπτωση της κρούσης σε σηµείο διαφορετικό του ΚΚ, µια επιπλέον ροπή θα 
πρέπει να εφαρµοστεί σε όλες τις αρθρώσεις και στην βάση, όπως προκύπτει από τις (108) 
- (110). 
vi. Σε συνδυασµό µε την (v), ο ελεγκτής θα πρέπει να αντισταθµίσει και τις τριβές. 
4.8 Αποτελέσµατα Προσοµοιώσεων 
4.8.1 Επίπεδο Ροµπότ µε Ελεύθερες Αρθρώσεις 
Το πρώτο σετ προσοµοιώσεων αναφέρεται στα επίπεδα συστήµατα “Α” και “Β”, Εικόνα 4-9, τα 
οποία αποτελούνται από βάσεις µε προωθητήρες, ικανά να κινηθούν στο επίπεδο. Οι Πίνακας 4-1 
και Πίνακας 4-2 δείχνουν τα στοιχεία των ροµπότ. Οι προσοµοιώσεις έτρεξαν µε εναλλαγές σε 
διάφορες παραµέτρους όπως: (a) Κρουστικό Σηµείο στον σύνδεσµο 5, (b) Γωνία Κρούσης, (c) 
Σηµείο Σύνδεσης του συνδέσµου 5 στον σύνδεσµο 4 και (d) αρχικές γωνίες q2  και q3 . Και οι δύο 
αρθρώσεις είναι ελεύθερες. Η διάρκεια της κρούσης είναι 0.01s, και το µέγεθος της δύναµης 
10kN. Για να γίνει καλύτερα η σύγκριση, χρησιµοποιήθηκαν οι τιµές των δυνάµεων κι όχι των 
ωθήσεων.  
Πίνακας 4-1. Φυσικά χαρακτηριστικά του επίπεδου συστήµατος “Α”. 
Σύνδε
σµος 
Μάζα (kg) 
Αδράνεια (kg-
m2) 
Μήκος 
Συνδέσµου (m) 
ΚΜ (m) ΚΚ (m) 
1 0 0 0 0 - 
2 0 0 0 0 - 
3 400 66.67 1 0 - 
4 40 3.33 1 0.5 0.67 
5 30 2.5 1 0.5 0.67 
 
Πίνακας 4-2. Φυσικά χαρακτηριστικά του επίπεδου συστήµατος “Β”. 
Σύνδε
σµος 
Μάζα (kg) 
Αδράνεια (kg-
m2) 
Μήκος 
Συνδέσµου (m) 
ΚΜ (m) ΚΚ (m) 
1 0 0 0 0 - 
2 0 0 0 0 - 
3 300 50 - 0 - 
4 30 3.33 1 0.3 0.67 
5 20 2.5 1 0.3 0.72 
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(a) 
 
(b) 
Εικόνα 4-9. Το επίπεδο διαστηµικό ροµποτικό σύστηµα που χρησιµοποιήθηκε στις προσοµοιώσεις: (a) 
Τύπος “A” και (b) “Τύπος “B”. 
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(b) 
(c) 
Εικόνα 4-10. Αντιδράσεις σε τοπικές συντεταγµένες του συνδέσµου 5 του επίπεδου ροµπότ τύπου “Α” για  
τις διάφορες περιπτώσεις κρούσης. 
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(b) 
 
(c) 
Εικόνα 4-11. Αντιδράσεις σε τοπικές συντεταγµένες του συνδέσµου 2 του επίπεδου ροµπότ τύπου “Β” για  
τις διάφορες περιπτώσεις κρούσης.. 
Στην Εικόνα 4-12 παρουσιάζεται η κίνηση του ροµποτικού συστήµατος µετά την κρούση 
για (α) µη-ιδανική και (β) ιδανική κρούση.  
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(a) 
 (b) 
Εικόνα 4-12. Κίνηση του επίπεδου συστήµατος µε ελεύθερες αρθρώσεις µετά την κρούση: (α) Μη ιδανική 
κρούση και (β) Ιδανική κρούση.  
4.8.2 Τρισδιάστο Σύστηµα 3R 
Το επόµενο σετ προσοµοιώσεων σχετίζεται µε ένα 3R PUMA ροµπότ µε ελεύθερες αρθρώσεις. Οι 
ιδιότητες του συστήµατος φαίνονται στον Πίνακας 4-3. Ο βραχίονας εξοµοιώνει ένα σύστηµα 
προσδεδεµένο σταθερά, π.χ στον ISS. Η δύναµη κρούσης είναι Fimp = [1 11]T kN ,
||Fimp ||= 1.732kN ,  µε διάρκεια 0.01s. 
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Εικόνα 4-13. Το τρισδιάστατο ροµποτικό σύστηµα των προσοµοιώσεων. 
Πίνακας 4-3. Χαρακτηριστικά του τρισδιάστατου συστήµατος. 
Link Mass (kg) Inertia(kg-m2) Joint length (m) CoM(m) CoP (m) 
1 10 1 1 0.2 0.5 
2 20 2.5 1 0.3 0.417 
3 5 0.5 1 0.15 0.667 
 
 
Εικόνα 4-14. Αντιδράσεις στο τρισδιάστατο σύστηµα. 
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4.8.3 Επίπεδο Ροµποτικό Σύστηµα µε Χρήση του IC2 
Προκειµένου να εξεταστεί η απόδοση του ελεγκτή IC2, εκτελέστηκε ένα σύνολο προσοµοιώσεων 
επίπεδων ροµπότ όπως στην Εικόνα 4-9 (και οι δύο τύποι). Ωστόσο, στην περίπτωση αυτή, η 
κρούση συνέβη στο τέλος του χρόνου t = 1s µε διάρκεια 0.1s και µέγεθος σε όλες τις περιπτώσεις 
100Ν. Στην πρώτη περίπτωση του τύπου "Α", τρεις διαφορετικές διαµορφώσεις εξετάστηκαν: ( i) 
Μία διαµόρφωση µε συνδέσµους, αρθρώσεις και θέσεις κρούσης σε τυχαίες θέσεις και ελεύθερες 
αρθρώσεις (σε αυτή την περίπτωση q2 = −80o , q3 = 85o , θέση της άρθρωσης 5 στο 0,9 και ΣΚ 
0.85m) (ii) τη διαµόρφωση µε την ίδια ρύθµιση, όπως στην περίπτωση (i), αλλά αυτή τη φορά µε 
τη χρήση του IC2 και, τέλος, (iii) µια διάταξη που όλοι οι σύµφωνα µε τις οδηγίες και χρήση του 
IC2 (δηλαδή q2 = −90o , q3 = 90o , θέση της άρθρωσης 5 στο 1m και ΣΚ 1m). 
(a) 
(b) 
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(c) 
Εικόνα 4-15. Παρουσίαση της λειτουργίας του ελεγκτή σε επίπεδο σύστηµα Τύπου “Α”. 
 
(a) 
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(b) 
Εικόνα 4-16. Παρουσίαση της λειτουργίας του ελεγκτή σε επίπεδο σύστηµα Τύπου “Β”. 
 
Figure 4-17. Ροπές κινητήρων για την περίπτωση χρήσης του ελεγκτή στον Τύπο “Β”.  
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5 Συµπεράσµατα και Μελλοντική Εργασία 
5.1 Συµπεράσµατα 
Η έρευνα σε αυτό το έργο επικεντρώνεται στην άµβλυνση των επιπτώσεων των κρούσεων µεταξύ 
ενός τροχιακού ροµποτικού συστήµατος Κυνηγού (Chaser) και ενός δορυφόρου ή ενός 
διαστηµικού θραύσµατος Στόχου (Target). Για το σκοπό αυτό στην παρούσα εργασία, 
εξετάστηκαν τρεις συγκεκριµένες πτυχές της διαδικασίας των κρούσεων: η αποτελεσµατική 
προσοµοίωση των κρούσεων, η σωστή µοντελοποίηση των κρούσεων των συστηµάτων που 
βρίσκονται ελευθέρα σε τροχιά και η σχετική ανάλυση των επιπτώσεων της αδράνειας και της 
δυσκαµψίας των παραµέτρων τους, και η άµβλυνση των επιπτώσεων των κρούσεων µέσω της 
αξιοποίησης του Κρουστικού Κέντρου. 
Κατά την έρευνα µελετήθηκαν πρώτα οι παρούσες µέθοδοι µοντελοποίησης των κρούσεων. 
Οι τρέχουσες µέθοδοι, όπως η θεωρία Κρούσης Στερεών Σωµάτων, η βισκοελαστική θεωρία και η 
χρήση FEM, αν και χρησιµοποιούνται σε πολλές εφαρµογές, έχουν περιορισµούς. Μια γρήγορη 
και ακριβής µέθοδος που θα µπορούσε να περιγράψει τις παραµορφώσεις που µπορεί να 
εµφανιστούν κατά τη διάρκεια σύγκρουσης ήταν απαραίτητη. Με τη χρήση εννοιών από άλλους 
τοµείς της µηχανικής, προτάθηκε και αναπτύχθηκε ένα νέο µοντέλο κρούσης το οποίο εµφανίζει 
βισκοπλαστικά χαρακτηριστικά. Αυτό το µοντέλο εµφανίζει ποιοτική συµφωνία µε τα 
πειραµατικά αποτελέσµατα που βρέθηκαν στη βιβλιογραφία. Το µοντέλο µπορεί να περιγράψει 
αποδοτικά ένα µεγάλο αριθµό αλληλεπιδράσεων που συµβαίνουν στη ροµποτική, όχι µόνο στο 
διάστηµα, αλλά και σε επίγειες εφαρµογές. Ταυτόχρονα, εισάγεται µια παράµετρος που 
ονοµάζεται Συντελεστής Μόνιµης Παραµόρφωσης, η οποία περιγράφει τις παραµορφώσεις που 
µπορεί να συµβούν σε βισκοπλαστικό υλικό, λαµβάνοντας υπόψη πολύπλοκες συµπεριφορές, 
όπως συµπίεση και δηµιουργία κρατήρα. 
Στην συνέχεια αναλύθηκαν οι τρέχουσες µέθοδοι που περιγράφουν τις κρούσεις 
Συστηµάτων Σωµάτων που βρίσκονται σε τροχιά. Έχει αποδειχθεί ότι οι τρέχουσες µέθοδοι είναι 
απλοποιηµένες, λόγω του γεγονότος ότι συνήθως ένα από τα σώµατα είναι πολύ µεγαλύτερο από 
τα άλλα. Βρίσκεται αναλυτικά ότι κατά τη διάρκεια των κρούσεων αυτό που έχει σηµασία δεν 
είναι η απόλυτη τιµή των µαζών των συστηµάτων που έρχονται σε επαφή, αλλά ο λόγος των 
εµπλεκόµενων µαζών. Με τη χρήση απλών, αλλά ρεαλιστικών υποθέσεων, η ανάλυση που 
αναπτύσσεται δείχνει την εξάρτηση από τις αναλογίες µάζας. Για το λόγο αυτό, εισάγεται η 
Αναλογία των Ενεργών Μαζών που µπορεί να περιγράψει ποσοτικά τη συµπεριφορά ενός 
συστήµατος κατά τις κρούσεις, λαµβάνοντας υπόψη την αναλογία των µαζών όλων των σωµάτων 
κατά τη διάρκεια οποιασδήποτε κρούσης. Με τη χρήση αυτής της αναλογίας, προτείνεται ένας 
τρόπος για να εκτιµηθεί µετά την πρόσκρουση η σχετική ταχύτητα γνωρίζοντας µόνο την σχετική 
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ταχύτητα πριν την κρούση. Χρησιµοποιώντας αυτά τα στοιχεία, προτάθηκε µια µέθοδος για τον 
προσδιορισµό της ελάχιστης σχετικής ταχύτητας πριν από τη σύγκρουση, προκειµένου να 
επιτευχθεί σύνδεση. 
Επιπλέον, εξετάστηκαν τρόποι που µπορούν να αµβλύνουν τις επιπτώσεις των κρούσεων 
κατά τη διάρκεια εργασιών, όπως η αγκίστρωση. Για το λόγο αυτό χρησιµοποιείται µια γνωστή 
έννοια από τη µηχανική, το Κρουστικό Κέντρο (ΚΚ). Μετά από µια σύντοµη εισαγωγή του ΚΚ 
για το επίπεδο, παρουσιάζεται η αναλυτική επέκταση της έννοιας του ΚΚ στον χώρο. 
Αποδεικνύεται ότι µπορεί κανείς να αναλύσει το ΚΚ στον χώρο όπως στο επίπεδο, αν και µόνο αν 
κάποια ειδικά χαρακτηριστικά του σώµατος υπό κρούση ισχύουν. Ακολούθησε η αδιάστατη 
ανάλυση ευαισθησίας των αποτελεσµάτων µε την χρήση του ΚΚ. Πιο συγκεκριµένα, 
παρουσιάζονται οι επιπτώσεις της ανακρίβειας των παραµέτρων στα συστήµατα υπό κρούση 
χρησιµοποιώντας τη θεωρία του ΚΚ και προτείνονται µέθοδοι για τον µετριασµό τους κατά το 
σχεδιασµό ενός βραχίονα ή/ και ενός ελεγκτή. Τέλος, προτείνεται η αντιστάθµιση της κρούσης 
χρησιµοποιώντας τον ελεγκτή (IC2), ο οποίος εκµεταλλεύεται την θεωρία του ΚΚ για τη µείωση 
(θεωρητικά εξάλειψη) των δυνάµεων αντίδρασης στις αρθρώσεις ενός βραχίονα. Μια σειρά από 
προσοµοιώσεις αποδεικνύουν την εγκυρότητα των προτάσεων. 
5.2 Μελλοντική Εργασία 
Η εργασία αυτή παρουσίασε την µελέτη των κρούσεων σε ελεύθερα συστήµατα στο διάστηµα, για 
εργασίες όπως η αρπαγή ή η σύνδεση. Εκτός από τα αποτελέσµατα που παρουσιάζονται, σε αυτόν 
τον τοµέα της ροµποτικής υπάρχουν µια σειρά από ανοικτά θέµατα. 
Το προτεινόµενο βισκοπλαστικό µοντέλο έχει δοκιµαστεί σε προσοµοιώσεις διαφόρων 
εφαρµογών, όπως στο διάστηµα ή στην απαιτητική εφαρµογή της κρούσης ποδιού µε έδαφος. 
Αυτό το µοντέλο µπορεί να αξιοποιηθεί περαιτέρω µε την προσθήκη της τριβής και µε την 
αξιολόγηση της απόδοσης του σε ακόµα πιο σύνθετα περιβάλλοντα, όπως εκείνα των κοκκωδών 
εδαφών. Αυτό θα απαιτούσε τόσο αναλυτική µελέτη. καθώς επίσης συσχέτιση µε τα πειραµατικά 
αποτελέσµατα. Ιδιαίτερα ενδιαφέρον είναι να προσδιοριστούν πειραµατικά οι τιµές του 
Συντελεστή της Μόνιµης Παραµόρφωσης για διάφορα υλικά. Επιπλέον, µια µέθοδος για τον 
προσδιορισµό της παραµόρφωσης του κάθε φορέα κατά τη διάρκεια σύγκρουσης (και όχι η 
συνολική παραµόρφωση των δύο σωµάτων υπό κρούση) θα αυξήσει περαιτέρω το ρεαλισµό του 
µοντέλου και την κατανόηση σχετικά µε τα φυσικά φαινόµενα που υφίστανται κατά τη διάρκεια 
των κρούσεων. Ένας αναλυτικός προσδιορισµός του Ενεργητικού Συντελεστή Επανάταξης για το 
µοντέλο κρούσης θα είναι επίσης χρήσιµος. Η ενσωµάτωση όλων αυτών των αποτελεσµάτων σε 
µία µέθοδο για τη σύνδεση των τιµών των χαρακτηριστικών του εδάφους που χρησιµοποιούνται 
σε στατικά πειράµατα (όπως η συνοχή) µε χαρακτηριστικές τιµές εδάφους σε δυναµικά πειράµατα 
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(δηλαδή δυσκαµψία και απόσβεση), θα παρέχουν ένα εξαιρετικό εργαλείο έρευνας για την 
αποτελεσµατική προσοµοίωση διάφορων εδαφών υπό διαφορετικούς τύπους κρούσεων. 
Η µοντελοποίηση των κρούσεων µεταξύ συστηµάτων πολλών σωµάτων οδήγησε σε 
αρκετές ενδιαφέρουσες ιδέες για τη συµπεριφορά των ροµποτικών συστηµάτων στο διάστηµα που 
έρχονται σε επαφή. Ωστόσο, η γενίκευση της ανάλυσης µε την ενσωµάτωση στα αποτελέσµατα 
της επίδρασης ελατηρίων και αποσβεστήρων θα εµβαθύνει περαιτέρω την κατανόηση των 
κρούσεων. Ένα άλλο ενδιαφέρον σηµείο θα είναι µια γενίκευση του συντελεστή Ενεργών Μαζών 
για χρήση σε συστήµατα στερεών σωµάτων µε περισσότερα από δύο σώµατα ανά σύστηµα. Η 
ανάπτυξη αναλυτικών µεθόδων για τον υπολογισµό της ελάχιστης και της µέγιστης ταχύτητας 
πρόσκρουσης, προκειµένου να επιτευχθεί αγκίστρωση, και η αδιαστατοποίηση των παραµέτρων 
που περιλαµβάνονται στη διαδικασία είναι επίσης ένα έργο που έχει ενδιαφέρον. Αν αυτή η 
µέθοδος θα είναι αναλυτική ή αριθµητική, ωστόσο είναι ακόµα ένα αναπάντητο ερώτηµα. Η 
ανάπτυξη του εξοµοιωτή του CSL θα επιτρέψει να µελετηθούν οι κρούσεις και να ελεγχθεί η 
θεωρητική ανάλυση. 
Τέλος, παρουσιάστηκε µια εκτενής ανάλυση του ΚΚ στο επίπεδο και στον χώρο, καθώς και 
η µελέτη τής ευαισθησίας των παραµέτρων, και η ανάπτυξη του ελεγκτή IC2. Αυτός ο τοµέας 
φαίνεται να έχει µεγάλες προοπτικές, όχι µόνο στο διάστηµα, αλλά και σε επίγειες εφαρµογές. Θα 
ήταν ενδιαφέρον να βρούµε τόπους µε τα ίδια αδιάστατα ποσοστά ωθήσεων στην τρισδιάστατη 
περίπτωση. Στη συνέχεια ο ελεγκτής θα µπορούσε να µελετηθεί περαιτέρω εστιάζοντας σε 
διάφορα θέµατα που δεν έχουν εξεταστεί εδώ, όπως η τριβή, οι λόγοι µετάδοσης, η ψηφιοποίηση 
ελέγχου, κ.λπ. 
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